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Abstract

In this paper wepresenta new paradigmthatallowsdy-
namically changingthe topolagy of 2-manifoldpolygonal
meshesOur new paradigmalwaysguaranteegopolagical
consistencyf polygonalmeshesBasedon our paradigm,
by simplyaddingand deletingedges, handlescan be cre-
atedanddeleted holescanbeopenedr closedpolygonal
mesheganbe connectear disconnected.

Theseed insertion and edge deletionopemations are
highly consistenwith subdivisionalgorithms. In particu-
lar, theseopemations can be easily includedinto a subdi-
vision modelingsystemsud that the topolagical changes
and subdivisionopemtionscan be performedalternatively
during modelconstruction.

We demonstate practical examplesof topolagy changes
based on this new paradigm and show that the new
paradigmis corvenient,effective efficient,and friendly to
subdivisiorsurfaces.

1 Intr oduction

Parametricrepresentationsuch as Bezier surfaces,B-
splinesand NURBS have long beenpopularfor designing
smoothshapeq16, 4]. The greatesipower of parametric
representations that they allow real time smoothshape
design[4]. Unfortunatelythesewidely usedtensormproduct
parametriagepresentationgdo not provide a large variety of
topologiessincethe controlmeshef tensorproductpara-
metric surfacesmustbe organizedasa regular rectangular
structurgf29].
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Subdvisionmethodqd7, 13, 28, 22, 36, 35, 12] solvwethe
fundamentaproblemof tensomproductparametricsurfaces
without sacrificingthe speedf shapecomputation.Unlike
tensomproductsurfacesjn subdvision surfacesthe control
mesheglo not have to have aregularrectangulastructure.
Subdvision algorithmscan smoothout 2-manifold (or 2-
manifoldwith boundary)olygonalmesheg$44].

An important property of subdvision surfacesis that
they area generalizatiorof parametricsurfaces.If thecon-
trol meshis organizechsaregularrectangulastructurearny
parametricsurfacecanbe representetty subdvision algo-
rithms. For instancethe Doo-Sabinsurface[13] is agener
alizationof quadricB-splinesandthe Catmull-Clarksurface
is a generalizatiorof cubic B-splines[7] andNon uniform
rational subdvision surfaces[36] arethe generalizatiorof
NURBS.

Themainproblemwith subdvisionschemess thatthey
donotsupportopologychange Thisrestrictionmeanghat
with subdvision algorithmsthe designersanonly change
theshapeof theobjects.They cannotaddor deletehandles,
openand close holes, connector disconnectwo objects.
Sincethesetopology changingoperationsare essentiafor
designingunusualandinterestingshapesit is importantto
combinetheseoperationsvith subdvisionalgorithms.

In this paperwe preseng purely”polygonal” and’non-
implicit” approachchangingthe topology of polygonal
meshes.The topologicalchangesve demonstraténclude
openingand closing holes, creatingand deletinghandles,
connectingtwo disjoint meshesinto one, and separating
one meshinto two disconnecteanes. Thesetopological
changesresimply doneby insertingor deletingedgedo a
polygonalmesh. During theseoperationswe alsoguaran-
teethatpolygonalmeshesemainvalid 2-manifolds.There-
fore,unlikeimplicitly basedopologicaloperationspur op-
erationsare subdvision friendly, i.e., subdvision opera-
tions can always smoothout the meshesobtainedby our
operations.

Our approacho handlingtopologicalchangesnakesa
naturalpartnerwith the subdvision approachwithin a 3D
modeling system. Our approachis not only suitablefor
modelinginitial 2-manifoldpolygonalmesheshut alsouse-



ful for changingthe topology of a 2-manifold polygonal
meshthat are smoothedby subdvision operations. Since
subdvision operationsareessentiafor theimprovementof

the quality of meshesperformingthe topologicalchange
operationsndthe subdvision operationsalternatiely pro-

videsa powerful shapemodelingapproactthat supportsa

hierarchyof topologychange&ndquality improvementsat

differentlevelsof details.

Our approachis basedon graphrotation systems. A
graphwith a rotation systemis embeddedo a unique 2-
manifold shape[14]. It alwaysguaranteeshe representa-
tion of valid 2-manifoldpolygonalmeshesMoreover, it is
easyto changethe topologyof meshedy simply inserting
or deletingedgesin the correspondingygraphrotation sys-
tem. An edgeinsertoperationcaneither(1) combinetwo
facesby insertinga hole, (2) combinetwo facesby adding
ahandle,(3) combinetwo facesby joining two separat@-
manifold meshespr (4) subdvide a single faceinto two.
Corversely anedgedeleteoperatiorcaneither(1) separate
onefaceinto two by closinga hole, (2) separateneface
into two by deletinga handle,(3) separateone faceinto
two by disconnectingne2-manifoldobjectinto two, or (4)
combinetwo facesinto one. In eitheroperationghe first
three caseschangethe topology of a mesh. The last one
doesnot changethe topology it only changeghe number
of polygons.

In orderto representgraph rotation systemsand effi-
ciently implementedgeinsertionand deletionoperations,
we have developedthe Doubly Linked Face List (DLFL)
datastructure. Using DLFL, we demonstratexamplesof
topologychange®asednthis new paradigmandshow that
theparadigmis convenient effective,andefficientfor topo-
logical changesgor subdiision surfaces.

Wefirstintroducetheconceptdehindsubdvisionmeth-
ods andtopologicalrequirementsmposedby subdvision
methodsWe thenintroducethepreviousworksin graphro-
tationsystem.Then,we demonstratevhy andhow edgein-
sertandedgedeleteoperationsvork by illustrating eachof
thesecaseswith figures. The discussionsn thesesections
areformal andabstract. The readersvho areinterestedn
only implementationssuesanskipthemandgo directlyto
thesectionthatcoversimplementationssuesaandexamples.

2 Topological Consistency and Subdivision
Methods

With theintroductionof subdvision surfacesandwider
usageof implicit surfacestopologyhasbecomeanimpor-
tant elementof computergraphicsresearchdevelopment
andproduction.Therehasbeenvariousstudiesn topologi-
calmodelingduringthelastdecadd17, 38, 37, 19.

Subdvision surfacesassumethat the usersprovide an
irregularcontrolmesh.Theseinitial controlmeshesanei-

therbe createdby directmodelingor obtainedby scanning
a sculptedreal object. A smootherversionof this initial
meshwithout changinghe originaltopologyis obtainedby
subdvision operationsAll subdvisionschemeganbe ex-
presseddy a setof linear differenceequations.More for-
mally, eachnew pointis computedasa linearcombination
of asetof pointsin alocal topologicalregion. The scheme
canbewritten asalinearsystem

Pnt1 = App

wherep,, andp,,, arethe vectorsof respectiely the old
points and the new pointsin the local topologicalregion
and A is thetransformatiormatrix [44]. Note here,thelo-
cal topologicalregion shouldcorrespondo a simple disk
(topologically). Thisimpliesthatunderlyingstructuremust
beavalid 2-manifold.

Sincethe quality andtopologyof the smoothsurfacere-
sulting from subdvision rulesdependyreatlyon the initial
control mesh theoreticalassurancef the quality of initial
controlmeshess extremelyimportant. In otherwords,the
procesof obtainingtheinitial controlmeshmustberobust
and guaranteevalid 2-manifolds. Unfortunately setoper
ations, which are the most commonly usedoperationsin
meshmodeling,canresultin non-manifoldsurfaces.More-
over, the existing data structuresin mesh modeling are
specificallydevelopedn suchaway thatthey canrepresent
non-manifoldsurfacesresultingfrom the setoperationsin
particular they do not guaranteevalid 2-manifoldsurfaces.
Becausef this fundamentaproblem,in the processf ob-
taining the initial control mesh,unwantedartifactscanbe
generated.Theseartifactsinclude wrongly-orientedpoly-
gons,intersectingor overlappingpolygons,missingpoly-
gons,cracks,and T-junctions. Therehave beenrecentre-
searcheffortsto correcttheseartifacts[3, 33].

Besides guaranteeingtopological consisteng, data
structurefor meshmodelingshouldalsosupporttopologi-
cal operationsfficiently.

The classicalview of meshrepresentatioris basedon
adjaceng relationshipsbetweenpoints, edgesand faces.
For instance the vertex-edgeadjaceny relationshipspec-
ifies two adjacentverticesfor eachedge. Thereexist nine
suchadjaceny relationshipsbut it is sufficientto maintain
only threeof the orderedadjaceny relationshipgo obtain
theothers[41].

In most practical computer graphics applications,
meshesare often representedvith one adjaceny relation-
ship. The datastructureis generallyorganizedas an un-
orderedist of polygonswhereeachpolygonis specifiedby
an orderedsequence®f vertices,and eachvertex is speci-
fied by its z, y, andz coordinate43]. Let uscall this data
structurea vertex-polygonlist. Vertex-polygonlists do not
alwaysguarantedopologicalconsisteng. In addition,they
canevencreatadegeneraciesuchascracksholesandover-



laps[3, 33].

Thesedegeneraciesan be partly eliminatedby adding
an additionaladjacenyg relationship: edgelists to vertex-
polygonlists [3]. In avertex-polygon-edg list structurea
list of vertices,a list of directededgesanda list of poly-
gonsare described. Verticesare specifiedby their three
coordinatesdirectededgesare specifiedby two vertices,
andpolygonsarespecifiedby anorderedsequencef edges.
Eachpolygonis orientedin a consistentlirection,typically
counterclockwisewhenviewedfrom outsideof themodel.
Becaus®f thelastcondition,vertex-polygon-edglists are
morepowerful thanvertex-polygonlists. However, therep-
resentatiordoesnot guaranteevalid manifold surfacesei-
ther It is still possibleto specifya non-manifoldsurfacein
termsof the vertex-polygon-edglist.

Oneof theoldestformalizeddatastructureghatsupports
manifold surfacesis the winged-ed@ representatiorj5].
Baumgartlsosuggestedsingawinged-edgetructureand
Euleroperatorsn orderto obtaincoordinatereeoperations
[6]. Winged-edgeadatastructuressupport2-manifold sur
faces,andstartingfrom a valid 2-manifoldmesh,winged-
edgecanonly createvalid 2-manifoldswith Euler opera-
tors. However, like vertex-polygon-ede lists winged-edge
structurescan also acceptnon-manifoldsurfaces[5, 40.
To represenvoronoidiagramsandDelaung triangulation,
Guibasand Stolfi introducedthe quad-edg datastructure
andtwo topologicaloperatorsmake-edgeandsplice[21].
Like winged-edgestructure, quad-edgestructure creates
valid 2-manifoldswith make-edgeand splice operationsf
it startsfrom avalid 2-manifold. Unfortunately quad-edge
datastructureganstill supportnon-manifoldsurfaces.

When using set operations,resulting solids can have
non-manifoldboundarieg24, 25]. It is worthwhileto note
thatalthoughthe datastructuressuchaswinged-edgecan
handlesomenon-manifoldsurfaces,they actuallycompli-
catethe algorithmsfor solid modeling[25, 32]. Therefore,
it is interestingto note that data structuresthat can sup-
portawiderrangeof non-manifoldsurfaceshave beenlater
investigated.Examplesof suchwork are Weiler’s radial-
edce structurg42], Karasicks star-edge structurd31], and
Vaneceks edge-basediatastructureg[39].

In the currentpaperwe proposdo returnbackto theba-
sic conceptof coordinatefree operationsover 2-manifold
surfacesby ignoring set-operations. Similar to our ap-
proach.nsteadof setoperationghe usageof Morseopera-
torsthatdescribehe change®f cross-sectionalontoursat
critical sectiong(peaks passesnd pits) hasrecentlybeen
investigated38, 19]. We usetopologicalgraphoperations
which aresimilar to Euler’s operationsandbasedon graph
embeddingsThebiggestadwantagef ouroperationss that
they areextremelysimpleandalwaysguarantegopological
consisteng. Only two operations)nsertedge and Delete
edge, areenoughto changethetopology If aninsertedor

deletededgechangethe topology we can efficiently find
thenew topologyby usinggraphembeddingsThis efficient
computatioris dueto our DoublyLinked FaceList (DLFL)
datastructure[10]. We proposeto usethis datastructureto
supporta representatiom which the basictopologicalop-
erationsrelatedto computergraphics suchassurfacesub-
division,addingor removing a handle canall bedonevery
efficiently.

DLFL not only supportsefficient computationson 2-
manifolds, but also always guaranteesopologicalconsis-
teng, i.e. it alwaysgivesavalid 2-manifold.

DLFL structurds baseddntheclassicatheoryof graph
rotation systems An extensie researcthasbeendonein
the study of graphrotationsystems.Among the extensie
researchin the areaby mathematiciansthe mostremark-
ableresultis thatgraphrotationsystemsgrovide necessary
andsuficientconditionsin representingalid 2-manifolds.
OurDLFL structureis anefficientimplementatiorof graph
rotationsystems.

3 Graph Rotation Systems

In this section,we introducehistoricalbackgroundand
some mathematicafundamentaldor graph rotation sys-
tems(see[20] for moredetaileddiscussion).

The conceptof rotation systemsof a graph originated
from the studyof graphembeddingsndit is implicitly due
to Heffter [23] who usedit in Poincaredualform. A graph
embeddingn anorientablesurfacecorrespondso anohvi-
ousrotationsystemnamely theonein whichtherotationat
eachvertex is consistentvith the cyclic orderof theneigh-
boring verticesin the embedding. Edmonds[14] wasthe
first to call attentionexplicitly to studyingrotationsystems
of agraph.

Let G be a graph. A rotation at a vertex v of G is a
cyclic permutatiorof the edge-end#ncidentonv. A rota-
tion systenof G is alist of rotations,onefor eachvertex of
G. Givenarotationsystemof a graphG, to eachoriented
edge(u,v) in G oneassignghe orientededge(v, w) such
thatvertex w is theimmediatesuccessoof vertex v in the
rotationatvertex v. Theresultis apermutatioron thesetof
orientededgesthatis, on the setin which eachundirected
edgeappeardwice, oncewith eachpossibledirection. In
eachedge-orbiunderthis permutationthe consecutie ori-
entededgedine up headto tail, from which it follows that
they form a directedcycle in the graph. If therearer ori-
entededgesn anorbit, thenanr-sidedpolygoncanbefitted
into it. Fitting a polygonto every suchedge-orbitesultsin
polygonson both sidesof eachedge,and collectively the
polygonsform a2-manifold.

Edmondqd14] hasshown thatevery rotationsystemof a
graphgivesa uniqueorientable2-manifold. Moreover, the
correspondingrientable2-manifoldis constructibleaswe



describedhbove. For ary 2-manifoldS, thereis agraphG
andarotationsystemp of G suchthatp corresponds$o an
embeddingf G on S [8].

Therefore the existenceof the bijective correspondence
betweengraphembedding®n orientable2-manifoldsand
graph rotation systemsenablesus to representopologi-
cal objectsby combinatorialones. In particular every 2-
manifoldcanberepresentetly arotationsystenof agraph,
andevery rotationsystemof a graphcorrespond$o avalid
2-manifold. In consequenceéhe presentatiorof graphro-
tation systemsalways guaranteesopological consisteny.
Recently Chen,GrossandRiperhave developeda very ef-
ficient algorithmthat, given a rotation systemof a graph,
constructghe correspondin@-manifold[9].

Figure 1. A graph drawn in a rotation sys-
tem and the corresponding embedding on the
sphere .

Basedon graphrotationsystemsa graphthatis dravn
in 2D canuniquelyrepresent 2-manifoldshape.For ex-
ample considettwo graphggivenin Figuresl and2. These
graphsare dravn in sucha way that the rotation at each
vertex can be tracedby traversingthe incident edgesin
counterclockwiseorder Thesearetwo differentrotation
systemdor the samegraph.Whenwe considertherotation
orderthey correspondo two different2-manifold shapes:
thespherdn Figurel andthetoroidin Figure?2.

Figure 2. The same graph as in Figure 1drawn
in a diff erent rotation system and the corre-
sponding embedding on the toroid.

The graphrotation systemalso providesa conciseand
simpleinternaldatarepresentatiomsa setof verticesand
a rotationorderfor eachvertex. For example,therotation
systenmof thegraphin Figurel is givenby theorderedists:

U1 ¢ V4aU2v3, V2 I U3V1V4,

U3 @ V1V2V4, Vgt V1V3V2,
andtherotationsystemof the graphin Figure?2 is givenby
orderedists:

V1 ¢ V4U302, Vg I V3V1V4,

V3 @ V4V201, Vg i@ V1UV3V2.

Rotation systemscan be easily implementedas a set of
linked lists. We shouldalsopoint out that eachedgeof a
graphappearsxactly twice in ary of its rotationsystems.
Therefore,the amountof computermemoryusedfor this
representatiois small.

Basedon arotationsystemgachfacecanbeeasilycon-
structedby traversingthe faceboundaryfollowing the ro-
tation order of the verticeson the boundary as shavn in
Figure3. By aface-cornerof aface wereferto avertex on
thefaceboundaryplusthetwo neighboringedges.

Rot ati on System

Cor r espondi ng Pol ygon

Vo

v
\Z1 3

\
vy 3

Figure 3. Rotation order of faces is provided
by rotation system.

4 Changing Topology with Graph Rotation
Systems

We have obsened that graphrotation systemprovides
a greatcorveniencein topology changeq2]. Only edge
insertandedgedeleteis enoughto changethe topology of
a 2-manifoldmeshsupportedy graphrotationsystems.



4.1 Inserting or Deletingan Edgein a Graph Ro-
tation System

Any rotation order of two verticesof a graphrotation
systencanbegivenby thefollowing representatiowithout
lossof generality:

V11 U3V2qy, vg 1 VU0

wherea and areary sequencef vertices. Let an edge
be insertedbetweenv; andvy asshavn in Figure4. The
new graphrotationsystemcanbeeasilyobtainedoy simply
updatingtherotationordersof v; andv, asfollows:

veV1 Vs 3

V1 ¢ VU3V4U20, Vg

Vs
Figure 4. Inserting an edge.

Although this insert operationis extremely simple, it
changeghe facesof the 2-manifold objectrepresentedy
the graphrotationsystem. It eitherconnectgwo facesby
“merging” theminto onesinglefaceor subdvidesa single
faceinto two faces.Thesetwo casesreillustratedin more
detailasfollows:

e The face-cornergvs, vy, vs) and (vg, vy, vs) do not
belongto the sameface. In this case,the insertop-
erationconnectshe two facesby merging theminto
onesinglefaceasshownn in Figure5.

e Theface-cornersvs, v1,v2) and(vg, v4,vs) belongto
thesameface.In this casetheinsertoperationsubdi-
videsthefaceinto two asshovn in Figure6.

The edgedeletionoperationcanbe elaboratedn a simi-
lar manner Basically if anedgehasits two sidesin differ-
entfacesthendeletingthe edgememesthe two facesinto
alargerone.Ontheotherhand,if thetwo sidesof theedge
arein the sameface,thendeletingthe edgeseparateshe
faceinto two faces.

0 Q
O Vv,
Vl Q
O O v
v 3
3 V5 V5

A single face
V1V2V3V1V4V5V6V4

Two Distinct Faces
VV,oVg and v,vgvg

More intuitive representations of single face
V1V2V3V1V4V5V6V4

Figure 5. Inserting an edge between two dif-
ferent faces merges the two faces.

Two faces
V1v,0vgv, and vgv,v,veE

A single face
VgV V,0Vev,vgE

Figure 6. Inserting an edge between two ver-
tices of the same face divides it into two faces.

4.2 Topology Changewith Edgelnsert and Edge
Delete

Let therebe two facesthat are describedby a rotation
system.We assumehatthesetwo facesare not the same.
However, they cansharea vertex, anedgeor severaledges.
They may also belongto two disconnected-manifolds.
Basedntherotationsystemary edgeinsertedby connect-
ing thesetwo facesconvertstheminto onesinglefaceaswe
have shavn in Figure5.

If thesetwo faceshelongto two disconnecte@-manifold
shapesaftertheinsertedgeoperatiorthesetwo 2-manifold
shapedecomeconnectedy the new insertededge. If the
facesbelongto the same2-manifold,the edgeinsertoper
ation increaseghe genusof the 2-manifoldby one,i.e., a
handle(or ahole)is added.

In bothcasesa new facecreatedby anedgeinsertoper
ationis, in fact,a handleasshown in Figure7. Therefore,
we call thistype of face“face-handle”. It is noteasyto vi-



sualizethis face-handlehoweverthe structureof thehandle
becomespparentvhenthefaceis smoothedy subdvision
operationsasrepresenteth Figure?.

If this handlegoesthroughthe inside of a 2-manifold,
it becomesa hole. If the handlegoesoutsideof the 2-
manifold, it becomesa handle. The hole and the handle
areautomaticallycreatedr deletedbasecbn geometryand
edgeinsertion/deletiomuleswe describedn previous sec-
tion.

Vs

Vs
Ve
V6 y

Subdi vi si on

—_—
V3 V3

\
vy 1
\

vy 2

Figure 7. Handle becomes apparent after sub-
division operations.

The handlethatresultsfrom a subdvision operationin-
cludesan extraordinaryvertex with a high valance. (The
termvalances usedto denotehenumberof edgesncident
onavertex. Valanceof anextraordinaryvertex on ahandle
is atleastequalto 7). In mostcasesthe resultingsubdvi-
sionsurfacewill notbeC'* continuousat this extraordinary

vertex becaus®f theunusuaktructureof our face-handles.

Fortunately it is possibleto improve the quality of the
handlesimply by insertingnewx edgesAs shavnin Figure8
if a secondedgeis insertedto connectary two verticesof
theface-handlethenew edgeseparatetheface-handlénto
two faceswithout changingthe topology of the mesh. On
theotherhand thequality of thehandleis usuallyimproved.

5 Implementation

As we have statedearlier graphrotationis a mathemat-
ical concept. Although, it canbe easilyimplementedasa
set of linked lists, it doesnot supportcomputergraphics
implementationgfficiently. Oneof the main problemsus-
ing sucha graphin aninteractive systemis thatit requires
constructiorof facesn eachrenderingstep.

5.1 DLFL Structure

In our implementationwe usea Doubly Linked Face
List (DLFL), a datastructurewe have proposectheoreti-
cally earlier[2]. A DLFL structurealways correspondso

v
5
Vs

Va
6

Two faces

I nserting
an edge ———— VVoVaVgVeVy
and

A single face
bet ween v3vg

V VooV, Vv, VeV
1Y273%1%4"5%6"4
v V3V1V4V5

R 2
vy Inserting
one nore
5 edge between

/ VeV2

Subdi vi si on E
—_—_—

Three faces
VVoVgVy,
V2V3VsVe
and

V3V1V4V5

Figure 8. Improving the quality of handles by
inser ting more than one edge.

a graphrotation system. Therefore,it always guarantees
valid topologicalconsisteng [2]. The mainreasorthatwe
useDLFL is thatit supportslogarithmictime edgeinser
tion anddeletionoperationswith faceconstruction”.With
theDLFL datastructure subdvision operationganalsobe
implementedeasily

In DLFL structure eachfaceis givenby a sequencef
verticescorrespondingp aboundantraversingof theface?
The vertex appearanceis the sequencevill be calledver-
tex nodes Note thattwo consecutie vertex nodesin the
sequenceorrespondo anedgesidein therotationsystem.
The sequencés representetdy a cyclically concatenatable
datastructure.

Formally, let p(G) bearotationsystemof agraphG =
(V, E) with facesetF. A doubly-linked-face-lisDLFL)
for the rotation systemp(G) is atriple L = (F,V,¢&),
wherethe facelist F consistsof a setof |F| sequences,
eachis givenby alinkedlist andcorrespond$o thebound-
ary walk of afacein therotationsystemp(G). Moreover,
theselinked lists areconnectedy a circulardoublylinked
list. Thevertexarray V' has|V| items.EachV[v] is alinked
list of pointersto the vertex nodesof v in the facelinked
listsin F. Theedge array £ has|E| items. EachV[v] also
includesthe 3D positionof the relatedvertex. Each&le] is
doublylinkedto thefirst vertex nodesof thetwo edgesides
of theedgee in thefacelinkedlist in F. Figure9 givesan
illustrationof the DLFL datastructurefor atetrahedron.

1To simplify the implementatiorwe uselinked lists for the faces. To
further improve efficiengy of our system,balancedtreesfor boundary
walksof facescanbeusedinsteadof linked lists[2].



Va

eg &s

v
vy 3

R €2
V2
Tetrahedron

Face list

ViesVzasVy ViesVyerVs ViesV erV3 Ve sVzesrVs

[e2 ez ]es [oa s [ o]

edge list

vertex list

Figure 9. An illustration of the DLFL data
structure for a tetrahedr on (Only details for
vertex v; and edge es are shown).

5.2 Examples

To shaw thefeasibility of ourapproachwe have created
various3D modelsthat shav the connectionof several 2-
manifoldsandthe creationof handlesandholes.In all our
exampleswefirst corvertirregularmeshegnto mesheshat
consistof only quadrilateraldo obtaininitial mesh. We,
then, smoothout this initial meshby using Catmull-Clark
subdvisionschemd7].

e Figure 10 shaws the connectionof four disconnected
tetrahedra. All facesof the tetrahedraare first sub-
dividedto make eachfacea quadrilateral. Then,the
inside facesof every two neighboringtetrahedraare
connectedy aninfinitely smalledge.lt is interesting
to notethatthese3D shapesnay“look” non-manifold.
They areactually3D representationsf arotationsys-
temwhich is a representatioof a 2-manifold. There-
fore, we can apply subdvision algorithms. On the
otherhand,if they hadbeenrepresentetly setopera-
tions,eventheinternalrepresentatiowould have been
non-manifold.

e Figure 11 shows the connectionof two disconnected
toroids. This figure also gives an exampleof handle
improvementoy insertingadditionaledges.As canbe
seenclearly in Figure 11, whenonly one edgeis in-
sertedt createsa C'! discontinuousxtraordinaryver-

Figure 10. Connecting four tetrahedra.

tex. Insertingextra edgesemaovesthis C'! discontinu-
ity.

e Figure12 shavs an exampleof the creationof a han-
dlefor acupanddemonstrateBandleimprovementoy
insertingadditionaledges.

e Figure13 shavs anexampleof the creationof a hole.
As it is clearin this figure, eachadditionaledgeim-
provesthe quality of the holein the cube.

More figuresare providedin the color pages.The Fig-
ures14, 15, 16 and 17 shavs two examplesof topologi-
cal changes.The Figures14 and 15 shaws the creationof
varioushandlesfor a small stellateddodecahedrof43] (a
regular polyhedrondiscoveredby Kepler). The Figures16
and 17 shaows the creationof several holesin a greatdo-
decahedrof43] (A regular polyhedrondiscoseredby De-
Poinsot,100yearsafterKepler It is thedual of smallstel-
lateddodecahedron).

We offer afew implementatiorremarksbeforewe close
this section.

The topological changesare implementedin our ap-
proachby connectingacesin a polygonalmesh.Thetype
of thetopologicalchangess closelyrelatedto thevisibility
of thecorrespondindgaces.Generallyspeakingif thefaces



Figure 11. Connecting two toroids: the same
colored faces connected with edge inser tion.

arevisible from eachotherfrom the “outside” of the mesh,
thenaddinganedgeto connecthetwo facescreatesa han-
dletothemesh.If thefacesarevisiblefrom eachotherfrom

“inside” of themeshthenaddinganedgeto connecthetwo

facesopensa holein the mesh.Whenthetwo facesarenot
visible from eachother, eitherfrom outsideor from inside,
addinga straightedgeto connecthe two facesstill givesa
topologicallycorrectmeshbut the meshwill be geometri-
cally self-intersectedThus,the userscaneasilyavoid such
self-intersectionbasedn thefacevisibility properties.

Using morethanonestraightedgeto connectwo faces
createsanextraordinarypointwith very high valancen the
facehandlesinceeachedgeadds to thevalance.Suchan
extraordinarypoint with a high valancewill mostlikely be
C' discontinuouslt is easyto avoid extra edgesy extrud-
ing thefacesheforeinsertinganedgeasshavn in Figurel12

Figure 12. Creation of handle for a cup.

asanexampleof thecreationof ahandle.

6 Conclusionand Future Work

In this paperwe presenteé new paradignfor changing
topology of 2-manifold mesheswithout using an implicit
approach. Our new paradigmguaranteeshe 2-manifold
propertyfor meshesluringthesetopologicalchangesThe
new paradigmfor changingtopologyis highly consistent
with the subdvision approachin a 3D modeling system.
Our approachcanbe usedfor modelinginitial 2-manifold
polygonal meshes,as well as for changingthe topology
of 2-manifold polygonal meshesthat are smoothedby
Catmull-Clark subdvision operations. Note that smooth-
ing operationgprovidedby subdvision approactareessen-
tial for improving the quality of 2-manifolds. Thus, the
topological changeand subdvision operationsperformed
alternatvely duringmodelconstructiorprovide a powerful
shapemodelingparadignthatsupportshierarchyof topol-
ogy changesandquality improvementin differentlevels of
details.

Our approacttanalsobe extendedto includetopologi-



Figure 13. Creation of a hole in a cube.

cal changesnto progressie mesheg26] and multiresolu-
tion representationef mesheg415, 11]. Two majoropera-
tionsin progressie meshegechniqueare vertex-split and
edge-collapse.lt can be shavn that theseoperationsdo
not changethe topology[20]. The samecanalsobe eas-
ily shavn for multiresolutionrepresentationsf meshesin

fact,oneof themajorproblemin multiresolutiormeshmor-

phingis that sourceandtarget mustsharethe sametopol-
ogy[27]. By includingtheedgeinsertionandedgedeletion
operations,t is possibleto changethe topology for pro-
gressve meshesandmultiresolutionrepresentationsthus,
thisapproachmaypotentiallyaddnew powerto theexisting
morphing,compressiomndsimplificationschemes.
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Figure 14. Creation of various handles for Figure 16. Creation of various holes for great
small stellated dodecahedr on. dodecahedr on.

Figure 15. Handles impr ovement for for small Figure 17.Hole impr ovement for great dodec-
stellated dodecahedr on. ahedron.



