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Abstract

In this paper we present a simple algorithm to con-
struct 2-manifold meshesfromarbitrary collections of poly-
gons. We form our final data structure using two very basic
manifol d-preserving operations, thus guaranteeing that the
result is a valid manifold. Our algorithmis purely topolog-
ical and does not consider the geometric properties of the
underlying shape.

The algorithm automatically and correctly creates the
missing faces of manifolds with boundaries. It also elim-
inates all twogons (2-sided polygons) and converts non-
manifold meshes into one of the possible manifold inter-
pretations. We have implemented this algorithm and we
highlight the performance of our algorithm on a number
of sample models.

1 Introduction and M otivation

When modeling solid objects, the construction of a man-
ifold representation is often desirable, athough it can be
difficult to achieve. In this paper, we present an algorithm
for constructing manifolds from a given collection of arbi-
trary polygonal data.

1.1 Maotivation

Thetransfer of databetween various systems and filefor-
mats can be the cause of significant problems when model-
ing solids. Often the output to an intermediate file format
loses much of the topological information that a particular
system maintainsinternaly. In other cases, datathat isvalid
in one system creates problemsin another.
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Graphicsfile formatsin particular often omit topological
information, as only the geometric definitions of polygons
are necessary for display purposes. For example, Alias-
Wavefront's obj file format is one of the more common
graphicsfile formats, and geometry is fundamentally stored
asjust a collection of oriented polygons.

For many solid modeling and shape modeling applica
tions, we desire that the meshes describing object bound-
aries be represented as valid and correct 2-manifoldsin 3D.
Certain algorithms (e.g. certain subdivision surface and ob-
ject intersection algorithms) rely on this property to guaran-
tee correctness. Thisissue becomes apparent in very practi-
cal situations. For instance, any modeling system failswhen
Doo-Sabin subdivision [9, 17] is applied to a non-manifold
mesh since Doo-Sabin requires manifold meshes [3].

We would like to have asimple and straightforward way
to construct valid manifold meshes from an arbitrary set of
polygons. Such a method will allow the importation and
construction of objects from files that lack direct topolog-
ical connectivity, and will alow the exploration of a wide
variety of manifold solids. Furthermore, we would like to
use only topological operations to perform this construc-
tion. While geometric considerations have great usefulness
and may address many of the problems encountered, the
utility of such techniqueswill vary depending on the partic-
ular application. Since such geometric techniques are not
universally applicable, and will need to be “tuned” to par-
ticular data sets, we choose to avoid them.

1.2 Main Results

We present an algorithm for constructing manifold solids
from an arbitrary collection of oriented polygons. This al-
gorithm reads in a collection of oriented polygonal faces,
each described by an ordered sequence of vertices. Using
only topological operations, it constructs a manifold solid
from this data. The algorithm has the following properties:

e The output is always a manifold. If the original data
corresponds to a single valid manifold solid, then that
is the manifold that will be output.



Each faceis oriented in away consistent with the other
facesin the manifold.

There are no twogons (two-sided faces).

e No new vertices are created.

No looping edges (edges from one vertex to the same
vertex) are created.

There are three significant resultsin the work we present
here. These are:

1. Crack repair. Our algorithm provides a simple method
to automatically fill holesin the input model. That is,
if the input polygons correspond to a manifold with
boundary, the output will be a manifold. We do not
need to explicitly determine the boundaries of holes.
Two examples of manifoldswith boundariesare shown
in Figure 1.

Figure 1. Examples of manifolds with bound-
aries.

2. Generating manifolds from non-manifolds. Given in-
put that corresponds to a non-manifold (including
cases such as dangling faces), we generate a manifold
interpretation of the data. Note that there might be
many possible manifold interpretations for the given
data as shown in Figure 2. We guarantee only that the
resulting structure fits one of those interpretations.

3. Insight into manifolds. By intentionally introducing
artifactsinto a data set such as wrongly-oriented poly-
gons or non-manifold situations, we can create anum-
ber of strange (but still manifold) objects. Our ap-
proach allows us the freedom to explore awide variety
of manifold object representations that are not gener-
ally created or considered when modeling solids.

1.3 Geometric Considerations

Note that because our algorithm is based entirely on
topology, it totally ignores the geometric properties of the

Figure 2. Two 2-manifold interpretions of a
non-manifold.

underlying shape. For instance, the geometry might be self-
intersecting, vertices might be coincident, and vertices of
polygonal faces might not be coplanar. Such can hold true
for both the input and the output of our algorithm. Sim-
ilar problems may result from any purely topology-based
approach.

While the focus of our approach is strictly topological,
a number of geometric operations could be applied as a
preprocess or postprocess step. For example, coincident
vertices in the input could be easily merged before apply-
ing our algorithm. While such steps eliminate some geo-
metric problems, the output may still contain geometric ir-
regularities, given sufficiently difficult input. For example,
non-manifold input, wrongly-oriented faces, or non-planar
cracks can lead to output polygons for which the vertices
are not coplanar. Although this may be undesirablein cer-
tain situations, we view this as a potential benefit—it al-
lows us to examine the manifold representations possible
when non-standard data (such as a “wrongly-oriented” face
or non-manifold situation) is provided.

2 PreviousWork

Akleman and Chen recently introduced topologically ro-
bust mesh modeling operators [1] based on topological
graph theory [8, 11]. Topological graph theory is a rela
tively obscure mathematical theory introduced almost 100
years ago [10, 13] and familiar to only a handful of graph
topologists. Akleman and Chen's INSERTEDGE and DEL E-
TEEDGE [1] operators can effectively change the topology
of amanifold mesh by inserting and deleting handles. They
also have recently shown [5] that al and only orientable 2-
manifold structures can be created using the two simplest
Euler operations, MV FS (make a surface with asingle ver-
tex and a single face) and KVFS (inverse of MVFS) [15],
along with INSERTEDGE and EDGEDELETE. Moreover,



these four operators can be efficiently implemented [5] on
almost every mesh data structure including winged-edge,
[7], half-edge [15] and quad-edge[12]. These results sug-
gest that software development for mesh modeling with a
topologically guaranteed orientable manifold property can
be greatly simplified using only these four operators.

3 Methodology

Among the four operators, two are sufficient to construct
our algorithm. These are INSERTEDGE and CREATEV ER-
TEX:

1. CREATEVERTEX(v) is similar to the Euler operator
MVFS. It creates a new isolated vertex v and its cor-
responding face; we call this a point-sphere (see Fig-
ure 3.) This operator effectively adds a new surface
component to the current 2-manifold.

(@

Figure 3. A point sphere is a manifold that
consists of only one vertex and one face with-
out an edge.

The CREATEV ERTEX operator isessential intheinitia
stage of manipulating 2-manifoldssinceit is needed to
create and add a new surface component in an empty
manifold.

2. INSERTEDGE(cy, 9, €) inserts a new edge e to the
mesh structure between two corners ¢; and ¢y. For-
mally, a corner is a subsequence of a face bound-
ary walk consisting of two consecutive edges plus the
vertex between them except in the case of a point
sphere, in which the vertex itself is the corner. If
a face has only one instance of each vertex, then
we can consider a corner as a face-vertex pair which
is given as {f;,v;}. We can aso consider a cor-
ner as a subsequence of a face boundary walk con-
sisting of three consecutive vertices. For example if
f = {v1,v2,v3,v4} isaface, {v1,vs,v3} isacorner
referring to the vertex v, in face f and {vs, vq,v1 } iS
the corner referring to the vertex v, inface f.

If INSERTEDGE inserts an edge between two corners
of the sameface, the new edge dividesthefaceinto two
faces. On the other hand, if INSERTEDGE inserts an
edge between corners of two different faces, the new

edge merges the two faces into one. See thefiguresin
[1] for visual explanation.

When the operator INSERTEDGE isinserting an edge e
between corners of two different faces f, and f-, there
isaninteresting and intuitiveinterpretation of the oper-
ation as two steps. In the first step, we delete the faces
f1 and f>, which results in a 2-manifold with bound-
aries because of two “open” holes|left by deleted faces
f1 and f5. Inthe second step we run anew “pipe” be-
tween these two holes and allow the pipe endsto “ seal”
the two holes.

Note that the choice of cornersis extremely important
for the INSERTEDGE operation. An edge inserted be-
tween two vertices may combine two facesinto one or
separate one face into two depending on the choice of
corners.

Figures 4, 5 and 6 show how a tetrahedron can be con-
structed by a series of CREATEVERTEX and INSERTEDGE
operations. Thefollowing section presents an algorithm that
uses only the above mentioned operators to construct a 2-
manifold mesh from a list of vertex positions and a list of
oriented polygons given as a sequence of vertex indices.

Insert Edge

Figure 4. A line manifold can be obtained by
combining two point spheres with an insert
edge operation. Note that the insert edge op-
eration combines the two initial faces f, and
f1 and the result has only one face.

3.1 Overview of the Algorithm

The algorithm consists of three steps.

1. Read al vertex positions and create a point-sphere for
each vertex using the CREATEV ERTEX operator. Let
Y bethe array of point-spheresthus created.



2. Read dl faces. Parse each face and create a list of
edges present in each face using the index into the ar-
ray V to denote the edge ends.

3. Go through the list of edges created in step 2 and in-
sert each edge. If an edge already exists between two
verticesit need not be inserted again. If an edgewould
cause aself-loop it is not inserted.

Cg—0 @
I

Insert edge Insert edge
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Figure 5. A triangle manifold (two-sided tri-
angle) can be obtained by combining three
point spheres with three insert edge opera-
tions. A face manifold (two sided face) can
be obtained by combining n number of point
spheres with n number of inserted edges.

The edges created in step 2 will be represented as a pair
of corners. Notethat cornersin different faces can share the
same vertex. Each vertex stores a list of corners that refer
toit.

The edge insertion process uses the INSERTEDGE oper-
ator which inserts an edge between two corners. To insert
an edge we first need to find the two end corners. Initially
we have only a group of distinct point-spheres each corre-
sponding to a vertex in the model and each containing one
corner. Before any edges are inserted all these corners are
tagged with amarker.

I nsert edge
operations

Figure 6. A tetrahedron can be obtained by
combining four point spheres with six insert
edge operations.



Let the two ends of edge e; » be the corners ¢; =
{a,v1,b} and ¢y = {c,vq,d} referring to vertices v; and
vy respectively. (As we have mentioned earlier, a corner
can be considered as a sequence of three vertices belonging
to a face except when the face is a point sphere.) Inserting
an edge involves the following steps:

1. Getthelist of cornersreferringto vertex v; and vo. We
will refer totheselistsas C,,, and C,, correspondingto
v, and vy respectively. To find the corner correspond-
ing to ¢;, go through C,,, and find the corner which is
preceded by vertex a or followed by vertex b. If C,,
contains only 1 corner select that corner. The corner
correspondingto ¢, isfound similarly using C, . If ei-
ther of C,, or C,, contains more than one corner and a
matching corner for ¢; or ¢, cannot be found, postpone
insertion of this edge.

2. If we can find matching corners for both ¢; and ¢, in
the above step, do the actual edge insertion using the
I NSERTEDGE operator.

After the first pass, we go through the list of postponed
edges and repeat the above steps again.

If in two successive passes no postponed edges could be
resolved, it indicates that the object has multiple 2-manifold
interpretations. We choose one of the interpretations arbi-
trarily® by picking the originally tagged corner during the
next pass. Note that this might need to be donefor only one
of the postponed edges since other edges might be resolved
after this edge isinserted.

Once no more edges are left to be inserted the algorithm
terminates.

4 Implementation and Testing

Our algorthm isimplemented in C++ and has been incor-
porated into an existing manifold mesh modeling system.
One of the main uses of the algorithmisto ensure thatWave-
front obj files are always imported as correct manifolds.
Corrupt files such as the ones representing non-manifolds
or manifolds with boundaries could crash a manifold mod-
eler. The new reader guarantees that we always deal with
manifold meshes.

Our algorithm has been successfully tested on several
publicly available models ranging in size from a few poly-
gonsto several thousands. We found that in practical exam-
ples the algorithm appears to be O(nlogn) in terms of the
number of edges.

INote that this arbitrary choice depends only on the order of facesin
the face list. In other words, there is a unique manifold interpretation for
any given face list order. Thus, a given input will aways give the same
output.

41 Manifolds

Manifold mesh construction from manifold data is
straightforward. It can easily be seen that if the arbitrary
collection of polygonscorrespondsto avalid manifold, then
the algorithm will create the corresponding manifold mesh.
Because each edge of the manifold will be inserted exactly
once, and each edge insertion will be consistent with the
“correct” manifold representation, the resulting manifold
will be the one described by the input data.

4.2 Crack Repair for Manifolds with Boundaries

How the algorithm repairs cracks can be understood by
looking at Figure 1. As shown in the figure, al the cracks
(i.e. missing polygons) are enclosed by boundary edges. In
our agorithm, when we insert these boundary edges, the
missing faces bounded by those edges are automatically
created.

When enough edges are inserted to create a polygon, two
faces are effectively created, a “front” face and a “back”
face (see Figure 5). This back face can be thought of asfill-
ing in the empty area (i.e. the crack) around that polygon.
As additional edges areinserted, this back face continuesto
fill in the regions not yet inserted into the model. Note that
there may be several of these back faces existing simultane-
oudly. Once all edges have been inserted, these back faces
thusrepair the cracksthat might exist in theinput data. Note
that the orientation of these back faces will always be con-
sistent with the rest of the model, as one would like.

We give below a simply example to demonstrate how
crack repair works. Let the input data be a tetrahedron with
amissing face and the faces be given as fo = {vo,v1,v2},
f1 = {1]0,1]3,1]1} and f2 = {1]0,1]271}3}. The algo-
rithm first inserts edges for the face fo, {vo,v1} {vi,v2}
and {v2,vg}. After inserting these 3 edges a “back” face
fo = {vo,v2,v1} Will be automatically created. Then, the
algorithm inserts remaining edges for face f;, which are
{vo,v3} and {vs,v;}. Asaresult, the back face now be-
comes fj, = {vo, v2,v1, v3}. INthe next step, the algorithm
adds remaining edgesfor theface f», whichinvolvesadding
only the edge {v2, v3}. Inserting this edge divides f, into
two. One part becomes the face f-, while the remaining
back faceis f, = {va,v1,vs3}. Noticethat f, now fillsin,
with correct orientation, the crack created by the missing
face of the tetrahedron.

4.3 Non-Manifold Conversion and Insight to
Manifolds

The interpration of non-manifold cases are more inter-
esting. Using the reader, we can convert non-manifolds to
manifolds. This conversion gives us a powerful insight into



the nature of manifolds. Some of the manifold shapes we
create using this conversion sometimes defy conventional
wisdom.

We present three examplesillustrated in Figures 7, 8 and
9. Aswill beclear in al three examples, in order to convert
anon-manifoldto amanifold, our algorithm combinessome
of thefacesto create larger faces. The conversion maintains
theintegrity of the edge directionsin the combined faces.

In each of these figures, the leftmost image shows the
non-manifold shape. The middle column shows some man-
ifold interpretations of the non-manifold shape. The right-
most column shows the result of two iterations of Doo-
Sabin subdivision applied to the manifold representations
in the middle column. The Doo-Sabin smoothed versions
areincluded (1) to demonstrate that non-manifold geometry
has been converted to manifold, since Doo-Sabin can only
be applied to manifold meshes and (2) to visually show that
genus can vary, i.e. different manifold interpretations can
have different genera.

The first example is shown in Figure 7. This nonman-
ifold shape is given by the following faces that are repre-
sented by cyclic ordered sets:

fo=13,2,1,4}y f1={7,8,9,10}
f2:{27376} f3:{47175}
f4:{67978} f5:{577710}
f6:{67571079} f7:{5767374}
f8:{6787775} f9:{1727675}

If the faces are given with the order above, our algo-
rithm converts this non-manifold to a manifold by com-
bining faces fg and fy into one hexagona face fip =
{1,2,6,8,7,5} as shown in top row of Figure 7. Note
that the hexagon fo is automatically created once we in-
sert al the edges. More interesting cases can occur when
the algorithm reads the faces in different orders. One such
case is shown in the bottom row of Figure 7. In this case
the faces f4, f5, fr and fy are combined into one face
fir = {9,8,6,3,4,5,7,10,5,1,2,6}. This large face is
self intersecting and makes the genus of the object 1 as can
clearly be seen in the Doo-Sabin smoothed image.

The second exampleis shown in Figure 8. This nonman-
ifold shape is given by the following faces that are repre-
sented by cyclic ordered sets:

f0:{3727174} f1:{6777879}

f2:{17275} f3:{77675}
f4:{47175} f5:{67975}
f6:{37475} f7:{97875}
f8:{27375} f9:{87775}

If the faces are given with the order above, our algo-
rithm converts this non-manifold to a manifold by com-
bining faces fs and fy into one hexagonal face fip =
{2,3,5,8,7,5} as shown in top row of Figure 8. The sec-
ond and third rows show two other interpretations when
the algorithm reads the faces in different orders. In the

Figure 7. Two 2-manifold interpretations of a
non-manifold.

middle row, fo and f> are read as the last two polygons
and the algorithm combines them into a new face f1; =
{1,2,5,8,7,5}. Inthelast row, fy and f, are read as the
last two polygons and the algorithm combines them into a
new face f1» = {4,1,5,8,7,5}. Inthisexampleit is clear
that the algorithm treats the last two polygons as if they are
missing.

In the next example, we haveintroduced an aditional face
inside of aprism as shown in Figure 9. This shapeisgiven
by the following facesthat are represented by cyclic ordered
sets.

fo=1{4,3,2,1} f1=19,10,11,12}
fo=47,8,12,11} f3 ={3,4,8,7}
fa=44,1,5,8} f5 =18,5,9,12}
fﬁ :{2737776} f7:{677711710}
f8:{1727675} f9:{57671079}
flO = {5767778}

Since this visual example is more complicated than ear-
lier ones, we have not drawn the face fi, and the initial
shape looks like a simple prism. If the faces are given with
the order above, our algorithm simply eliminates the face
f10 @ shown in the top row of Figure 9. The more inter-
esting example is shown in the bottom row of Figure 9. In
this case, several faces are combined. Since more than one



Figure 8. Three 2-manifold interpretations of
a non-manifold.

combined face is created we have not highlighted them to
avoid confusion. The following information can be helpful
to understand the manifold structure shown in the bottom
row:

e f, and f5 combine and become a hexagon as
{4,1,5,9,12,8}.

e f¢ and f; combine and become a hexagon as
{2,3,7,11,10,6}.

e f3, fg and fio combine and become one octagon as
{3,4,8,5,1,2,6,7}.

Although we do not give any examples here, we tested
our algorithm on models that include some wrongly-
oriented faces. As in the case of non-manifold input data,
the conversion maintainsthe integrity of the edge directions
by combining two or more faces into one.

(N

n

Figure 9. Two 2-manifold interpretations for a
non-manifold.

5 Conclusion and Future Work

Manifolds with boundaries, non-manifolds, and artifacts
are very common in computer graphics files. Many mod-
eling packages allow manifolds with boundaries and non-
manifolds. Also, many practical mesh data structures allow
arbitrary collections of polygons that can include artifacts
such as wrongly-oriented polygons and T-junctions.

Various agorithms have been developed for the identifi-
cation and correction of such artifacts [6, 16]. These meth-
ods are often quite complicated and rely on geometric infor-
mation. The algorithm we have presented is different from
othersin that it is ssimple, is purely topological, and theo-
retically guarantees the manifold property of the resulting
mesh regardless of the input data.

Note that our algorithm totally ignores the geometric
properties of the underlying shape. For instance, self inter-
sections are not considered and cannot be eliminated by our
algorithm. Moreover, two vertices are considered different
if they are declared separately regardless of their position
(i.e. evenif their positions are the same, they are considered
different). Ignoring the geometry greatly ssmplifies our al-
gorithm.



5.1 FutureWork

Our algorithmis useful in other aspects of modeling sys-
tem implementation, beyond file input or transfer. For ex-
ample, our technique has been used to create the dual of
any 2-manifold mesh. Ignoring twogons and self-loops is
extremely useful for file input or transfer since we do not
create unnecessary edges. However, if thisalgorithmisused
for other operations, this restriction can be a problem. One
problemwith thedual operationisthat if theinitial mesh has
valence-2 or valence-1 vertices, the dual cannot correctly be
created since it should have twogons and self-loops. Thus,
in order to usethe algorithm to simplify programming tasks,
we would need to include twogons and self-loops.

Including geometry can be another improvement. For in-
stance, all the shapes in Figure 8 are the same in terms of
topology. However, each shape gives a different subdivided
shape. By augmenting our strictly topological methodswith
some geometric constraints, we could provide users addi-
tional control.
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