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Abstract

We presenta methodfor including thevisualeffectof bubblesin a computergraphics�uid simulation,thusen-
hancingtheillusion of realismfor a splashing�uid. Previous�uid simulationmethodshavenot includedbubbles.
Bubblecreationis integratedinto theparticle level-set�uid simulationalgorithm.Individualbubblesareapprox-
imatedby spheres,which form more complex shapeswhere they intersect.Therenderingof bubblesand�uid are
integratedto createthe appearanceof onecontinuoussurface. At the �uid-air boundary, we integrate bubbles
whenever level-setmarker particlespassfromfromtheoutsideto theinsideof the�uid. Thus,theseparticlesrep-
resentair that hasbecometrappedwithin the�uid surface. In addition,wedetectemptypocketswithin the�uid,
thatareoftenformeddueto turbulence, andcreatebubbleswithin thisspace. Thisis an inexpensivewayof giving
theimpressionthat theair trappedin air pocketshasbecomebubbles.Photo-realisticimagesof simulationresults
arerenderedwith a raytracerthathasbeenenhancedto includecaustics,andto handlebubble-bubbleinterfaces.
Comparisonof theseimageswith imagesrenderedwithoutbubblessupportsour positionthat thesimpleaddition
of bubblesto a �uid simulationgreatlyenhancesvisualrealism.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.7 [ComputerGraphics]:Raytracing,I.6.8 [Simu-
lationandModeling]:Visual

1. Intr oduction

Sinceweexperiencewaterin somany waysin ourlives,sim-
ulating water for computergraphicsis both importantand
highly challenging.Recentmethodshave producedsucces-
sively more realistic resultsbut still look somewhat arti�-
cial. Figure1 illustratesour thesisthat the visual appealof
splashingwatercanbegreatlyenhancedby theinclusionof
bubbles.

Our approachis to integratethe automaticproductionof
bubblesinto a �uid simulation,andthento move thesebub-
bleswith thewatervolumeor its surface.Weexploit marker
particles,that are usedto maintaindetail in the �uid sur-
facelevel set.Someof theseparticlesescapeout of thesur-
faceandin previouswork havebeenusedto generatesplash
droplets.We do the converse.Particlesescapingfrom the
air into the �uid representair volumethathasbeentrapped
inside the liquid, indicatingwherebubblesmight form. In
addition,we detecttrappedair pocketsin the�uid, collapse
them,andconvert theminto bubbles.

Figure1: Splashingwaterwith bubbles.

2. PreviousWork

Therehasbeenconsiderableearlier work on �uid simula-
tion andsomeon bubblesandfoam.Themethodpresented
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in thispapersynthesizesapproachesin thesetwo directions,
providing for theautomaticintegrationof bubblesandfoam
into a simulated�uid. The work intentionally avoids sim-
ulating bubbleformationusinga surfacetensionmodel,in
favor of a morecomputationallytractableapproachthat is
only �rst-order physicallyreasonable,while producingvisu-
ally appealingresults.Thustheextensive literature(for ex-
amplesee[BKZ92, LNS� 94]) relatedto bubblesandsurface
tensionis not surveyed.

2.1. Fluid simulation

The useof the Navier-Stokes equationsfor the simulation
of complex water motion was introducedto the computer
graphicscommunityby FosterandMetaxes[FM96]. They
used the marker and cell method of Harlow and Welch
[HW65] to create3D animationsof water. Marker particles
were distributed throughoutthe computationalgrid of the
simulationandthentransportedby the velocity �eld of the
�uid. Cells with at leastone particle were treatedas �uid
cells, with surfacecells being the set of all �uid cells ad-
jacentto at leastone empty cell. Chenet al. [CJR95] im-
proved this methodby placing marker particlesonly near
the surface of the �uid. Stam [Sta99] introduceda semi-
lagrangiantreatmentof theadvectionportionof theNavier-
Stokesequationsallowing large timestepswithout causing
instability. Fosterand Fedkiw [FF01] introduceda hybrid
model that combineda level setwith surfacemarker parti-
cles.The level set is de�ned implicitly by a function f of
spatialposition,whosemagnitudemeasuresdistancefrom
thesurfaceandwhosesignis positiveoutsideof the�uid and
negativeinside.Thelevel setmaintainedtheoverallshapeof
thesurface,while theparticleswereusedto maintainsurface
detail.The markersandlevel setwereadvancedin smaller
timestepsthanthatusedfor the �uid in orderto reducethe
errorin therepresentationof thesurface.Most recently, En-
right et al. [EMF02] proposedthe useof additionalmarker
particlesoutsideof the liquid volume in order to maintain
surfacedetail coming from columnsof air formed in the
�uid. This is the methodthat we usefor our �uid simula-
tions.

2.2. Bubblesand foam

Bubblesandfoamhave beenstudiedextensively by mathe-
maticians,mainlybecauseof theirsurfaceminimizingprop-
erties.Analytical solutionsfor thegeometryof bubbleclus-
tersupto thesizeof threebubbleshavebeenfound.Glassner
[Gla00] modeledthesegroupswith CSGoperations.Numer-
ical methodsmustbe usedfor larger bubbleclusters,since
their liquid �lms arenot spherical.Bolton simulatedfoams
in two dimensionsas a network of curved �lms [Bol90].
HongandKim [HK03] simulatedthebehavior of individual
bubblesfor computergraphicsapplicationsby integrating
bouyancy forcesto correctthe�uid velocity �eld. However,
they did not treat the interactionof bubblesor the creation

of foams.Duriancreateda modelthatusesa groupof inter-
actingbubblesto representfoam[Dur95,Dur97]. Differing
from the network basedapproaches,Durian's methodsim-
pli�es the simulationof the foam becauseit doesnot have
to dealwith changesin topology. Usingsimilar techniques,
Kück et al. simulatedandrenderedfoamsin 3 dimensions
[KV G02]. Our methodfor the simulationandrenderingof
bubblesis largelybasedon their techniques.

3. CreatingBubblesfr om EscapedMark er Particles

In therealworld,bubblesarecreatedwheneverair is trapped
insideof a �uid. Whenthesebubblesreachthesurface,they
persistbecauseof the surfacetensionin the �lm of water
surroundingthebubbleactingagainstthepressurewithin the
bubble.It is possibleto addsurfacetensioneffectsto �uid
simulations.The air could be simulatedas a second�uid,
andbubblescouldbesimulatedalongwith thelevel setand
underlyingvelocities.However, the�lm of thebubblewhen
it reachesthe surfaceis too �ne to be simulatedwith the
underlyingcomputationalgird typically usedfor �uid simu-
lation.

In our method,we avoid theneedfor the �ne detail nec-
essaryto simulatebubblesby simplycreatingsphericalbub-
ble objectsthataremovedby thevelocitieswithin the �uid
simulation.Our bubblesarepassive, andhave no effect on
theunderlying�uid simulation.Our assumptionis that in a
moving liquid, theeffectsof relatively smallbubblesarenot
signi�cant enoughto causeanoticeablechangein thebehav-
ior of the�uid. At thesurface,asinglebubblehasminiscule
masscomparedto thewateritself, soit will notsigni�cantly
disturb water that is moving. If the water is still, a single
bubblecould causenoticeableripples,but this is not typi-
cally a problemthat we would addresswith a full Navier
Stokessimulation.

Sincea bubbleis partof the�uid, whenit movesthemo-
tion oneseessimply re�ects themotionof thesurfaceof the
�uid. Sincewe representthis detail of the surfacewith the
bubbleobject,the bubbleobjectmovesinsteadof the level
setrepresentationof the �uid (which is too coarseto repre-
sentathin bubble�lm). Usingpassivebubblesis simplerand
is morepracticalthanthealternativeof allowing thebubbles
to createforcesthatdirectly affect �uid velocities.Oncethe
�uid simulationis run andsaved,thebubblesimulationcan
be tweaked to the needsof the animator. If the bubblesdid
affect themotionof the�uid, any changeto thebubblecon-
�guration would requirererunningthe�uid simulation.

3.1. Bubble creation

Ourmethodof bubblecreationis integratedinto a �uid sim-
ulationbasedon themethodof Enrightet al. [EMF02]. We
createbubbleswheneverair markerparticlescrossthe�uid-
air interfaceandgettrappedinsidethe�uid. Whenaparticle
that representsair movestoo far acrossthe interface,it is a
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goodindicationof wheretheremight be mixing of air and
water. Thebubblesimulationcreatedis independentof how
the Navier-Stokes equationsare solved, but it dependson
thehybrid particle-level setmethodfor therepresentationof
a �uid surface,which usesmarker particlesrepresentingthe
outsideof the�uid.

Since the air is not simulatedin the particle-level set
method,air pocketsthat form areignoredby the �uid sim-
ulation and are simply engulfedby �uid. If this is notice-
able,it is very undesirable.In reality, theair pocketswould
becomebubblesandwould not losevolume.If we did not
detectair pockets,the air pocket would shrink,asthe �uid
velocities�o w inward. This would pushthe marker parti-
clesinto tighterandtighterspaces,andwhentheair pocket
is �nally totally empty, a few bubbleswould form from the
escapedmarkerparticles.Thatmuchvolumelossis veryun-
realistic,andcreatedachallengefor ourmethod.

Fortunately, it is straightforwardto detecttheseair pock-
etsby looking for cells thatdo not contain�uid andarenot
connectedto the air outsideof the �uid. This is achieved
by a �ood �ll algorithm[FvDFH90]. The cells are treated
like pixels. Thosewith no �uid are “painted” one “color,”
which designatesthemasair cells. All othercells, includ-
ing wall cells,are“painted” another“color”. The �ll algo-
rithm is startedfrom an emptycell that is guaranteedto be
in the atmosphere(suchasa cell at the top of the simula-
tion). Thus, all “painted” cells are consideredpart of the
atmosphere.Empty cells that are not “painted” the atmo-
sphere“color” areconsideredpartsof air pockets.Figure2
illustratestheonly modi�cation neededto thebasicseed�ll
algorithm.This is thatcellsdiagonallyadjacentto anatmo-
spherecell shouldbe includedonly if the level setimplicit
functionvaluef betweenthecellsis positive (i.e. outsideof
the surface).If f is positive, the air extendsdiagonallybe-
tweencells,asseenin theleft handdiagram.Otherwise,the
diagonalof thecell is blockedoff with �uid, asseenin the
right handdiagram.

Figure2: DiagonalInclusionCases

Atmospherecellsaremarkedin yellow. The�uid is marked
in blue.Casewhendiagonalcell shouldbeincludedwith

atmosphere(left) andwhenit shouldnot (right).

Duringsimulation,theair pocketsaredetectedbeforethe
level setis reinitializedandafter it is movedandcorrected.
Whenanair pocket is detected,we convert theemptycells

to �uid by makingthelevel setimplicit functionvaluef neg-
ative (i.e. insidethe�uid). Sincethemarker particleswithin
thesecellsarenow farfromtheinterface,they areconsidered
escapedandbecomebubbles.This givesthe visual appear-
ancethattheair pocket changesinto bubbles.Thevelocities
of the cells in the air pockets are initialized to reasonable
valuesthroughtheextrapolationof surfacevelocitiesin the
surfaceconservationstepof theparticle-level setmethod.

3.2. Avoiding unrealisticbubbles

Wefoundthatweneededto avoid creatingbubblesfrom es-
capedmarker particlesin caseswhereit would be unlikely
for bubblesto form. Oneprecautiontakenis to createabub-
bleonly if thecurvatureof thesurfaceis negativeattheposi-
tion of theparticle.Sincebubblesaresupposedto represent
trappedair, they shouldnot beformedwhenthereis a posi-
tivecurvature(i.e convex outward).

In the particle level set method,particlesare assigned
radii, andtheseradii areadjustedin order to keepthe sur-
facesmooth.It is moreprobablethat particlesof the mini-
mumradiuswill befarenoughfrom thelevel setsothatthey
areconsidered“escaped.” Our experimentsshowed that, in
many of thesesituations,it is not appropriatefor bubblesto
form, sowe usecautionwhenusingthesesmallparticlesto
createbubbles.Sincea particlewith radiuslarger than the
minimumrepresentsa largermoveof thesurface,wealways
accepttheseparticles.Bubblesthat arecreatedfrom parti-
cleswith the minimum radiusaremarked. Onceall of the
bubblesarecreated,wecheckthatnew bubblescreatedfrom
smallparticlesarein contactwith thosecreatedfrom larger
particles.If thereis no contact,thenwe remove the small-
particlebubbles.

3.3. Bubble size

In our method,theplacementandsizeof bubblesis initially
basedon the position and radiusof escapedmarker parti-
cles.In theparticle-level setmethod,theradiusof a particle
is alwaysbetween0.1and0.5of thecell width. Thus,chos-
ing bubbleradiusdirectly from particleradiuswould create
extremelytiny bubblesfor �ne grids.Additionally, if thees-
capedparticle's radiusweresimply scaledup by a constant
value,therewouldnotbeenoughvariationin bubblesize.

Bubble radii could simply be generatedrandomly, but
thereis valid information in the marker particle radii. For
commonsplashingandsloshing,agoodproportionof thees-
capedmarker particlesaresmall.For bubblescreatedfrom
air pockets,a signi�cant proportionof the escapedmarker
particleshave a radiusof themaximumsize.It makessense
for largeair pocketsto createlargerbubbles,sobubblescre-
atedfrom markerparticleswith themaximumradiusshould
have a larger radiuson averagethanbubblescreatedfrom
markerparticleswith theminimumradius.

Our methodgeneratesbubble radii basedon a gaussian
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distribution with meanand standarddeviation determined
by theradiusof themarker particle.Particleswith themax-
imumradiuscreatebubbleswith onemeanandstandardde-
viation. Particleswith the minimum radiuscreatebubbles
with smallermeanand standarddeviation. We interpolate
betweentheseextremesbasedon particle radius.Random
valuesthataretoo largeor smallarerecalculateduntil they
arean appropriatesize (asdeterminedby userde�ned pa-
rameters).It is importantthatbubbleswith sizesthataretoo
smallto besampledeffectively by normalraytracingshould
beavoided(unlessthereis aspecialcasefor renderingthese
bubbles).This methodeffectively createsbubblesof varied
sizesrelatedto the radiusof themarker particle.As shown
in Figure3, thismethodis independentof thecell width and
grid size,sothatsimilarbubbleswill becreatedfor different
grid resolutions.

Figure3: Bubblescreatedin differentgrid resolutions

30x30grid (left) and60x60grid (right), notethatbubble
sizesaresimilar.

3.4. Bubble merging and popping

It shouldbe notedthat the radii of adjacentmarker parti-
clescanoverlap.Further, if the bubblesarelarger thanthe
original marker particles,thentherecanbesigni�cant over-
lap in thecreatedbubbles.During bubblecreation,it might
makesenseto mergeheavily overlappingbubblesinto larger
bubbles.Also, bubblesthat meetin the interior of the �uid
might merge into larger bubbles.We choseto ignorethese
situations.Sincewemodelbubbleswith spheres,largerbub-
blesarevisuallyundesirable(aswill bediscussedin thelast
section).We do remove bubblesthatarecompletelyencom-
passedby otherbubbles.

A real bubblepopswhenoneof its surface�lms drains
too much,becomesthin and breaks.This can be modeled
by removing bubblesrandomly. Thelargerthesurfacearea,
themorelikely it is thata bubbleis going to pop,so larger
bubblespopsoonerthansmallerbubbles.Whena bubbleis
adjacentto anobstacle,thereis lesssurfaceareaof �lm and
thuslessareato break.We let thelifetime of abubblebe

L =

(
0; rb � rs

a (rb� rs)
(r l � rs)

; rb > rs
; (1)

whererb is thebubble's radius,rs is theminimumradius,r l
themaximumradius,anda is a tunablescalefactor. Thenat

eachtimestepin thesimulation,theprobabalitythatabubble
is removedis

min(
(1+ L)h

T
;1:0);

whereT is the bubble's currentlifetime andh the simula-
tion timestep.Bubblesin contactwith obstaclestendto last
longer, soweuseadifferentlifetime parametera for bubbles
in contactwith walls. Sinceit is not possiblefor bubblesto
“pop” while insidethe�uid, only bubblesthathave reached
thesurfacearecandidatesfor removal.

3.5. Particle densityand creationof bubbles

Sincetherearedifferentdensitiesof markerparticlespervol-
ume,wedecidedto make thenumberof bubblesformedde-
pendentonvolumeandnotongrid resolution.A similar�uid
simulationwith twice the resolutionin all dimensionshas
eight timesasmany maker particlesperunit volumefor the
samenumberof marker particlespercell. This is a problem
asthe�ner grid would tendto createmorebubblesthanthe
coarsergrid. For rapidtesting,it is especiallyusefulto work
with coarsergrid sizes,soconsistency acrossresolutionsis
important.A marker/volumedensityis chosenin which all
escapedparticlesareconsideredtocreatebubbles.In thestep
wherebubblesarecreated,theratiobetweenthedesiredand
theactualmarker/volumedensitiesdeterminestheprobabil-
ity of bubblecreation.Thisassuresthatfor asimulationwith
eight timesthedesiredmarker particledensity, we only use
oneonaverageeighthof theescapedmarkerparticlesto cre-
atebubbles.

4. Bubble Simulation

4.1. Simulation of foams

We basedour foam simulationon the methodsoutlinedby
Kück et al. [KV G02]. This subsectionoutlines their ap-
proach.Theexactgeometryof foam�lms is not simulated.
Instead,bubblesaresimulatedby spheresof �x edradii and
aremovedaccordingto asetof simulatedforces.

As shown in Figure4,whenbubblesarein contact,attrac-
tive andrepellingspringforcesarecreatedto causethemto
overlapandappearto be part of a foam structure.The at-
tractive andrepellingforcesaresetsothat they canceleach
otherout whenthe bubblesoverlapby the desiredamount.
Similar attractive andrepelling forcesareappliedbetween
bubblesandobstacles.

When two bubblesare in contact,the repelling force of
bubblei onbubble j is

F r
i j = kr (

1
jj pi � p j jj

�
1
l i j

)( pi � p j ); (2)

wherekr is a userde�ned strengthcoef�cient, pi andp j are
the positionsof bubblesi andj, andl i j = r i + r j is the rest
distancebetweenthebubbles.
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Figure4: Attractiveforcesactingon touchingbubbles.

Theattractive force

Fa
i j = � kacncd(pi � p j )=jj pi � p j jj ; (3)

betweenbubblei andbubble j dependson how many other
bubblesabubbleis in contactwith. If Ni is thesetof bubbles
overlappingspherei, thecoef�cient

cn =
1=jNi j + 1=jNj j

2
:

This makestheattractionforcesmallerfor bubblesin large
clusters.Also, thecoef�cient

cd =
jj pi � p j jj � max(r i ; r j )

min(r i ; r j )
:

makestheattractiveforceanonlinearfunctionof distance.It
is zerowhenthecenterof asmallerbubblerestson theedge
of a largerbubble,andincreaseswhenthedistanceis larger.
It becomesnegativewhenthelargerbubbleencompassesthe
centerof thesmallerbubble,changingtheattractionforceto
a repellingforcethatpreventsbubblesfrom overlappingtoo
much.

Theviscousforceonbubblei from otherbubblesis

Fv
i = kv(v̄i � vi ); (4)

wherekv is anadjustableparameter, vi is thevelocityof bub-
ble i andv̄i is theaveragevelocityof bubblesin contactwith
bubblei. Thefriction forcebetweenbubbleandabarrierob-
ject is de�nedsimilarly. Gravity is aconstantforceFg acting
onall bubbles.Air dampingis

Fd
i = � kdvi ; (5)

wherekd is auser-de�ned parameter.

It is assumedthat thebubblesaremassless,which means
that the sumof all forcesmustbe zero,andallows a direct
solutionfor velocity. FromEquations2 through5 wegetthe
explicit solution

vi =
kvv̄i + kov̄o

i + Fs+ Fg

kv
; (6)

whereFs is the sumof all attractingandrepelling"spring"
forces.

4.2. Coupling bubble and �uid simulations

In orderto incorporatethebubblesimulationmodelof Kück
et al. [KV G02] into the �uid simulation,we have to add
forcesfrom the�uid on thebubbles.

Bubbleswithin the�uid aresubjectto a forcedueto �uid
pressure.FosterandMetaxes[FM96] modeledbuoyantob-
jectsthatweresubjectto aforcerelatedto thenegativegradi-
entof thepressuretimesthevolume.In our modelthepres-
sureforceonbubblei is

F p
i = � Kpr piVi ; (7)

wherepi is the pressureat the positionof the bubble,Vi is
thebubble'svolume,andKp is auserde�ned parameterthat
adjuststhecontribution of pressureon thebubble's motion.
Sinceour forcesaremodeledlinearly, for largebubbles,ve-
locitiescangetunrealisticallylarge.For thecalculationwe
clip the volumeVi to a userde�ned limit to keepbubbles
from moving unrealisticallyfast.

Theother�uid forceon bubblesis dueto theviscosityof
the�uid. Theviscousforceonbubblei is

Fv
i = Kv(ui � vi ); (8)

whereui is the velocity of the �uid at the position of the
bubble,andKv is auser-de�ned coef�cient of viscosity.

4.3. Bubble forcesin differ ent areas

Dependingon a bubble's locationwith respectto the�uid' s
surface,different forceswill be acting.Figure5 shows the
four distinctregionsthatweconsider:below, adjacentbelow,
adjacentabove,andabove thesurface.

Figure5: Bubbleregions.

Above thesurface(left), adjacentabove (middleleft),
adjacentbelow (middleright), andbelow thesurface

(right). Fluid surfaceinterfaceis markedin red.

A bubbleis consideredto be in thebelowsurfaceregion
when the level set implict function value f at the position
of thebubbleis below a negative multiplier of thebubble's
radius.Thismeansthatthebubblemustbeasmallerdistance
thanits own radiusfrom thesurfaceto beconsideredat the
surface.Themultiplier mustbebetween0 and-1. We used
-0.1 which seemedto work well. If the bubble's negative
radiuswereusedasthethresholdvalueof f , abubblebelow
thesurfacethat is adjacentto anobstaclewould incorrectly
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beconsideredto beat thesurface,asin therightmostbubble
in Figure 5. Below the surfaceof the �uid thereis only a
repulsionforcebetweenbubbles[KV G02]. In addition,there
is no friction forcebetweenbubblesor objects,andgravity
will nothavesigni�cant impact.Thus,below thesurface,the
solutionfor velocity is

vi =
1
Kv

(Kvui + Fs
i + F p

i ); (9)

whereFs omitsall attractive forces.

If the valueof f at a bubble's positionis below zerobut
greaterthan the negative of the bubble's radius,then that
bubble is in the adjacentbelow the surfaceregion. When
bubblesare at the surface,there is an attractionforce be-
tweenbubblesthat are in contact,and their friction is no
longer negligible. Viscousinteractionswith other bubbles
causea bubble's velocity to be dependenton the previous
velocitiesof its neighboringbubbles.This dependency on
previousstatesis undesirablewith themasslessassumption.
Instead,we usethecurrentvelocitiesof the �uid at thepo-
sition of the adjacentbubblesinsteadof the velocity of the
adjacentbubblesfrom theprevioustimestep.Thus,thefric-
tion forceis

F f
i = K f (ūi � vi) (10)

whereūi is theaverageof the �uid velocitiesat bubblesin-
tersectingbubblei. Averagingthe�uid velocitiesratherthan
thebubblevelocitiesis reasonableat thesurface,sincethere
abubble'svelocity is mostin�uencedby viscousinteraction
with the�uid at thatpoint.Here,pressuresimplypushesthe
bubbleup to thesurface.Thus,bubblevelocity adjacentbe-
low thesurfaceis

vi =
Kvui + K f ūi + Fs

i + F p
i

Kv + K f
: (11)

If thebubble's positionis betweenzeroandthebubble's
radius,thenthatbubbleis in theadjacentabovethesurface
region.Thecalculationof velocity is thesameasin theadja-
centbelow region exceptthatFg (gravity) is substitutedfor
F p (pressure)in Equation11.

Oncethevalueof f atabubblepositionis greaterthanthat
bubble's radius,the bubbleis no longerin contactwith the
�uid. Thesebubblesmay be “popped” becausewaterbub-
blescannotpersistaway from thewater's surface.

4.4. Simulation scheme

The particle-level set surfaceis updatedon a sub-cycle of
the timestepusedto advancethe Navier-Stokes equations,
andthebubblesimulationis asub-cycleof thetimestepused
to updatethe �uid surface.This meansthat the timestep
usedwhile simulatingthe bubblesmay be smallerthanthe
timestepusedto move forwardthelevel setandmarker par-
ticles. The timesteph that we useis regulatedby the CFL

condition

h < rmin=vmax; (12)

where rmin is the smallestbubble radius,and vmax is the
largestbubblevelocity. For simulatingour bubbleswe used
anEulertimestep100timessmallerthanthisCFL condition.
Sincethe simulationof the bubblesis muchfasterthanthe
�uid simulation,it did not signi�cantly increaserun times,
and this guaranteesthat bubblescannotmiss contactwith
eachother. The bubblesimulationstepcomesafter the re-
initializationof thelevel set.At thispoint,all of thenew bub-
blesfor thistimestephavebeencreated.Whenthelevel setis
advanced,we save theold level set.This allows usto know
the currentvalueof the level set implicit function f at any
point in the bubblesubcycle by interpolatingbetweenpre-
viousandpastvalues.Themoreaccuratelywe know where
the surfaceof the �uid is during a timestepthe better, as
the forcesappliedto a bubblevary drasticallyin relationto
its positionrelative to the �uid surface.This is becausethe
transitionof a bubblebetweendifferentregionsis treatedas
adiscreteevent.

5. Bubble Rendering

5.1. Rendering in Kück et al.

Kück et al. [KV G02] rendera contiguousfoam structure
from an arbitrary con�guration of spherical bubbles as
shown in Figure6. This subsectionexplains their method.
The foam is ray tracedand calculationsare madeat each
intersectionof a ray with thespheres.With time saving ap-
proximations,they succeededin renderingfoamson theor-
derof severalthousandbubbles,asseenfrom amediumdis-
tance,in reasonabletime.

Figure6: Makingspheresappearto befoam.

Sphererepresentation(left) andcorrespondingfoam
structure(right).

No refractionis calculatedat a bubble�lm. Theassump-
tion is that the �lm is too thin to noticeablychangethe di-
rectionof a light ray. They useanapproximationfor fresnel
re�ections to shadethe bubble's �lm. The Fresnelterm is
the ratio of re�ected to refractednon-polarizedlight from
a dielectric(non-conductingsurface)[FvDFH90]. This ap-
proximationto thefresneltermis

f = 1� N � I ; (13)

whereN andI areunit vectorsin thedirectionof thesurface
normalandtheincidentlight. Figure7 demonstratesthatthis
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createsa smoothtransitionfrom totally re�ective to totally
refractivebehavior.

Figure7: BubbleshaderusingapproximatedFresnelterm.

Whentwo or morebubblesoverlap,their goalis to create
theappearanceof a contiguousfoamstructure.Whena ray
passesthroughtwo overlappingspheres,the �lm between
thethemis approximated.Theapproximated�lm' s position
is takento betheaverageof thetwo hit pointsonthespheres,
andthenormalis theaverageof thenormalsat thehit points.

No shadingcalculationsaredoneat theactualsurfacesof
thesphereswherethey overlap.Thisappearscorrectbecause
with thehighercurvatureof thesmallerbubble,theaveraged
normalsgivetheimpressionof thesurfacecurvedtowardthe
largerbubble.This approximationis inexpensive andworks
for mostviewing angles.As canbe seenin Figure8, these
methodsareeffectiveatcreatingtheappearanceof two bub-
blesjoinedtogether.

Figure8: Two-bubblecluster.

Wherethreebubblesoverlap,Kück et al. de�ne a plateau
border, andrenderthis region usinganambienttermto rep-
resentthe light that would be heavily scatteredin this re-
gion, aswell asa termthat representsrefractedlight on the
plateauborder. In this method,theray stopsonceit reaches
theplateauborder. This workssincethey wereinterestedin
densefoamsthatheavily scatterlight andwerenotinterested
in smallerbubbleclusters.

5.2. Renderingbubbleswith �uid

Our simulationof bubblesin �uid differs from the simula-
tion of foambecausefoamsconsistof thousandsof bubbles.
We dealwith only hundreds,andthey areviewed at closer
range(i.e. they arebigger)thanin foam simulations.Also,
ourbubblesaresloshedaroundvigorously.

For the integration of approximated�lms betweentwo
bubblesandtransparentobjects,a specialcaseneedsto be
addressed.For thecaseshown in Figure9, theapproximated
�lm is partially insideof anobject.We detectthis caseand
donot renderit.

Figure9: Two-bubblecaseinsideof object.

For two overlapingbubbles,it mustbecheckedwhetherthe
approximated�lm is behindthesurfaceof anobject.

For our purposes,dealingwith smallbubbleclusters,the
useof anambienttermwhenthreebubblesoverlapis unde-
sirablebecauseit resultsin anoticablevisualartifactin close
or mid-distanceviews. We wantedto usetheapproximated
�lms approachthat we usedwith two bubblesso that they
metsomewherein thethreebubbleoverlapregion.Unfortu-
nately, sincethe�lms betweentwo bubblesarenotexplicitly
de�ned, thereis noeasyway to do this.

Insteadwe treatedthethreebubbleoverlappingcasesim-
ilarly to the two bubbleoverlappingcase.As seenin Fig-
ure 10b,oncea ray entersan areawherethe bubblesover-
lap, no shadingis calculateduntil theray exits into a single
bubble.Thenthe normal is set to the averagebetweenthis
hit point,andtheoriginal hit point whentheray enteredthe
secondbubble.The re�ection ray leavesthe samepoint as
therefractionray, becausethereis no simpleway of know-
ing which bubblestheaverageof thehit pointsis inside.(In
the two bubblecase,the averagepoint is insideof the two
bubblessowecansendthere�ection ray from thatpoint).

Theoriginal hit point wasusedfor approximatingfurther
�lm intersectionsaroundthethreebubbleregion (asthered
re�ection raymaycreatein Figure10).While thismethodis
simplyaheuristic,it allowstheraytocontinuepastthethree-
bubbleregionanddoesnotdraw attentionto itself.Figure11
shows the visual quality obtainedwhenusingthis approxi-
mation.

c
 TheEurographicsAssociation2004.



S.T. Greenwood& D. H. House/ Betterwith Bubbles

Figure 10: Modi�ed methodfor shadingwhere threebub-
blesoverlap.

Re�ection ray (red)is sentfrom the�nal hit pointbecauseit
is unknown whichbubblestheaveragedpoint (x) is inside.

Figure11: Three-bubblecluster.

Theamountof light that is re�ected from a watersurface
is determinedby theangleof theincidentray, andtheindex
of refraction.This meansthat light is re�ected differently
dependingon whethera ray is hitting from outsideor inside
of the water's surface.For watersurfaces,we usestandard
Fresnelterm[FvDFH90] for calculatingthe re�ection ratio
ratherthantheapproximatedFresneltermfor bubble�lms.
Asseenin Figure12,light re�ectsdifferentlywhetherhitting
a �uid surfacefrom inside or outside,or hitting a bubble
�lm. After calculatingtheFresnelterm,we renderspecular
highlightsas the actualre�ections of lights. For the inside
of refractivesurfaces,approximatingthespecularhighlights
with Phongor Blinn shadersfor indirectspecularhighlights
is incorrect,as thereis no direct pathway for light that is
beingrefractedto asurfacepoint.

While a level set is very powerful at de�ning numerous
shapes,thereis little possibility thata level setcouldbede-
�ned so that it sits exactly �ush up againstanobjectin the
simulation(unlessthat object is a plane).If the level set is
not allowedto overlapobjects,therewill bea smallamount
of spacebetweenthezerolevel set(thesurfaceof the�uid)
andanobjectthat is in contactwith the �uid. Unlessthis is
takeninto account,theraytracerwill detecttwo hits,onebe-

Figure12: Refractingwatersurface.

Fromleft to right: watersphere,half submergedbubble
showing simulatedFresnelre�ectionson left half, and

totally submergedbubble.

tweenthe�uid andtheempthspaceandanotherbetweenthe
emptyspaceandtheobject.To avoid this complication,we
setupourscenesothatthelevel setoverlapstheobjectwhen
thesurfaceof the�uid is supposedto beagainsttheobject.

Thus,therendereronly hasto worry aboutrenderingthe
boundariesof the objectcontainedin the �uid, not the sur-
faceof the �uid that is containedin theobject.Bubblesare
treatedin asimilar fashion,astheboundariesof thelevel set
arenot renderedwheninsideof abubble,but theboundaries
of thebubblearerenderedwheninsideof the�uid.

This leadsto a hierarchy of objects.Non�uid/nonbubble
objectsin thescenegetthehighestpriority. Thenext priority
is bubbles,andthe last priority is the �uid. This hierarchy
canbe seenin Figure12 andFigure13. The boundarybe-
tweenabubbleandthesurfaceof the�uid is renderedasthe
�uid surface.Theboundarybetweena bubbleandtheair is
renderedasa �uid �lm (approximatedFresnel).

Figure13: Hierarchyof surfaces.

Water(left), glass(right), andbubble(top).
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6. Resultsand Summary

6.1. Issuesand concerns

Several assumptionsandapproximationsusedin this work
leadto certainlimitationsthatwediscussbelow.

Simulating bubbles that are basedon perfect spheres
worksreasonablywell, but thereareproblemswith this ap-
proach.In reality, largerbubbles�atten out at thesurfaceso
that they resembledomes.Sincewe canonly simulateand
renderspheres,we avoid creatinglarge bubbles.A similar
problemoccurswhenviewing the bubblesup close,so our
methodworks bestfor renderingbubblesat a mediumdis-
tance.

Marker particlesmay escapeoccasionallywhenit is un-
realistic for a bubble to form. While we take stepsto pre-
vent this, we cannotguaranteethat unwantedbubbleswill
not form. This maynot beanissue,becausein a production
environment,ananimatorwouldneedthecontrolto addand
removebubblesanyway. In animationsoftware,the�uid sur-
face,velocity andpressure�elds, andescapedmarker parti-
clescouldbestoredin onepass.Oncethedesiredwatermo-
tion is obtained,the animatorcould move on to animating
thebubbles,combiningour techniquewith standardparticle
toolsto enhancebubblemotion.

Justmaking the sign of the level set implicit function f
negative is not enoughto turn all of theair pocket cells into
�uid immediately. Adjacentto theair pocket therearenear-
zero-negative or zerovaluesof f (that arenot changedbe-
causethey arenotair). In theseregionstheremaybepositive
(air) marker particlesthathave not escaped.Theseparticles
mayprevent theair pocketsfrom turningentirely into �uid.
Sincethe valuesof arenot negative enoughto make these
marker particlesescape,they persistand continueto con-
tributeto theair pocket.

In our simulation, theseparticlesare removed, but the
level set still resistschangingto �uid. The equationsthat
reinitialize the level setto a signeddistancefunction avoid
changingthevaluesof f asthey approachzero.This causes
portionsof theair pocket to remainair; however, theseparts
of thelevel setarecontinuouslymovedby thevelocity �elds
anddo not persistfor more thana few frames.As seenin
Figure14, theseresidualpiecesof air pocketsarevery tiny.
Further, they areobscuredby thebubblesthatarecreatedby
theair pocketandarenotnoticeablein ananimation.

6.2. Mor e realistic �uid?

Our experimentsdemonstratethataddingbubblesto a �uid
simulationcan enhancethe overall realismof a splashing
�uid. In thepresenceof air, bubblesnaturallyform in splash-
ing water. Thus,theinclusionof bubblesis bothconvincing
andaestheticallypleasing.Also, our treatmentof trappedair
pocketsgivesthemorenaturalappearanceof thetrappedair

Figure 14: Small residualpiecesof air pocket maypersist
for a few frames.

turninginto bubblesratherthanthetrappedair suddenlydis-
appearing.Ourmethodsprovideaninexpensivewayof deal-
ing with air pocketswithoutsimulatingtheair.

Figures15aand15b demonstratethat our methodeffec-
tively removesair pockets.The air pocket disappearsmore
abruptly than it would if we did not adjustthe value of f
within the pocket, andthe �uid simulationweresimply al-
lowedto engulfit. However, theendeffect is thesame,asthe
disappearanceof air into the�uid looksunrealistic.Thecre-
ation of bubbleshidesthe disintegrationof air pocketsand
createsmoretrueto life animationsasseenin Figure15c.

Our experiencehasbeenthat by creatingand rendering
bubbles,theaddeddetaildistractsfrom otherproblemsthat
might otherwisebe apparentwith the �uid' s appearance.
Overall, thesemethodsarea goodway of creatingrealistic
bubblesif viewedfrom amediumdistance.Figure16af�rms
thisobservation,showing framestakenfrom ouranimations
of splashingandsloshing�uids.
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(a)air pocketbeforeremoval

(b) air pocketafterremoval

(c) air pocketafterremoval with bubbles

Figure15: Animationframewith air pocket
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Figure16: Fluid splashwith bubbles.
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