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Abstract

TherecentlydevelopedDoublyLinkedFaceList (DLFL)
structure introducesa powerfulmodelingparadigmthatal-
lowsusers to alternativelyapplytopological changeopera-
tionsandsubdivisionoperationson meshstructure. More-
over, the DLFL is topologically robust in the sensethat it
alwaysguaranteesvalid 2-manifoldsurfaces.In thispaper,
we further studythe relationshipbetweenDLFL structure
and subdivisionalgorithms. The paper has three contri-
butions. First, we develop a new corner cutting scheme,
which providesa tensionparameterto control theshapeof
subdividedsurface. Second,wedevelopa careful andef�-
cientalgorithmfor our cornercuttingschemeontheDLFL
structure that usesonly the basic operationsprovided by
theDLFL structure. This implementationensuresthat our
new corner cutting schemepreservestopological robust-
ness. The comparative studyshowsthat the corner cut-
ting schemescreatebetterhandlesandholesthanCatmull-
Clark scheme.

1. Intr oduction

We have recentlyintroduceda new datastructureDou-
bly LinkedFaceList (DLFL), whichguaranteestopological
consistency andprovidestopologicalchanges[1, 8]. By us-
ing DLFL, it is easyto changethe topologyof polygonal
meshes.The topologicalchangeswe demonstrateinclude
openingandclosingholes,creatingand deletinghandles,
connectingtwo disjoint meshesinto one, and separating
onemeshinto two disconnectedones. Thesetopological
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changesaresimplydoneby insertingor deletingedgesto a
polygonalmesh.During theseoperations,we alsoguaran-
teethatpolygonalmeshesremainvalid 2-manifolds.

Our operationsare also subdivision friendly, i.e., sub-
division operationscanalwayssmoothout themeshesob-
tainedby our operations.We have recentlyimplemented
Catmull-Clark subdivision algorithm [7] over the DLFL
structure[2]. By usingCatmull-Clarksubdivision,wehave
improvedthequalityof handlesandholes.Ourresultshows
thatourapproachis notonly suitablefor modelinginitial 2-
manifoldpolygonalmeshes,butalsousefulfor changingthe
topologyof a 2-manifoldpolygonalmeshthat is smoothed
by subdivisionoperations.Sincesubdivisionoperationsare
essentialfor theimprovementof thequalityof meshes,per-
forming thetopologicalchangeoperationsandthesubdivi-
sionoperationsalternativelyprovidesapowerful interactive
shapemodelingapproachthatsupportsahierarchyof topol-
ogychangesandquality improvementsatdifferentlevelsof
details.

In this work, we further studythe relationshipbetween
theDLFL structureandsubdivisionalgorithms.We�rst de-
velopanew cornercuttingalgorithmandimplementit over
theDLFL structure.Thenew algorithmis similar to Doo-
Sabinsubdivisionscheme,andhave thepropertythatusers
cancontroltheshapeof subdividedsurfacevia aparameter.
This parameteris independentof the valenceof the faces
(thevalenceof a faceis thenumberof sidesof theface).

A challengingissuein theimplementationof cornercut-
ting algorithmsis that the new meshresultedfrom a cor-
ner cutting algorithmis entirely disjoint from the original
mesh. Therefore,the topologicallyrobust operationspro-
videdby theDLFL structure,suchasedgeinsertandedge
delete,arenotdirectlyapplicablein theimplementation.On
theotherhand,usingoperationsnot providedby theDLFL
structuremight introducetopologicalinconsistency. Wede-
velopa new algorithmin usingtheoperationsprovidedby
theDLFL structure,so that thesubdivision schemesbased
on cornercutting canbe directly implementedusingonly
operationsprovided by the DLFL structure. Most impor-
tantly, this implementationapproachguaranteesthe topo-
logical robustnessof our subdivision algorithmsbasedon
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cornercuttingschemes.
Finally, wecompareournew subdivisionalgorithmwith

other subdivision algorithmsimplementedon the DLFL
structure,andshow that the new cornercutting algorithm
improvesthequalityof handlesandholescreatedby topol-
ogychangeoperationson theDLFL structure.

2. Background and Moti vations

Subdivision algorithmsrequirethat the local topologi-
calregionsmustcorrespondto simpledisks(topologically).
This implies that underlyingstructuremust be a valid 2-
manifold.Sincethequalityandtopologyof thesmoothsur-
faceresultingfrom subdivision dependsgreatlyon the ini-
tial controlmesh,theoreticalassuranceof thequalityof ini-
tial controlmeshesis extremelyimportant.In otherwords,
the processof obtainingthe initial control meshmust be
robustandguaranteeavalid 2-manifoldstructure.Unfortu-
nately, setoperations,which arethe mostcommonlyused
operationsin meshmodeling,can result in non-manifold
surfaces. Moreover, the existing datastructuresin mesh
modelingarespeci�cally developedin suchawaythatthey
canrepresentnon-manifoldsurfacesresultingfrom theset
operations. In particular, they do not guaranteevalid 2-
manifoldsurfaces.Becauseof thisfundamentalproblem,in
theprocessof obtainingtheinitial controlmesh,unwanted
artifactscanbegenerated.Theseartifactsincludewrongly-
orientedpolygons, intersectingor overlappingpolygons,
missingpolygons,cracks,andT-junctions.Therehavebeen
recentresearchefforts to correcttheseartifacts[3, 26].

One of the oldest formalizeddatastructuresthat sup-
portsmanifold surfacesis the winged-edge representation
[5]. Baumgartalsosuggestedusinga winged-edgestruc-
tureandEuleroperatorsin orderto obtaincoordinatefree
operations[6]. Winged-edgedata structuressupport2-
manifold surfaces,and starting from a valid 2-manifold
mesh,winged-edgecreatesonly valid 2-manifoldswith Eu-
ler operators. However, winged-edgestructurescan also
acceptnon-manifoldsurfaces[5, 30]. GuibasandStol� in-
troducedthequad-edge datastructureandtwo topological
operators,make-edgeand splice [17]. Like winged-edge
structure, quad-edgestructurecreatesvalid 2-manifolds
with make-edgeandspliceoperationsif it startsfromavalid
2-manifold. Unfortunately, quad-edgedatastructurescan
still supportnon-manifoldsurfaces.

When using set operations,resulting solids can have
non-manifoldboundaries[19, 20]. It is worthwhileto note
thatalthoughthedatastructures,suchaswinged-edge,can
handlesomenon-manifoldsurfaces,they actuallycompli-
cate the algorithmsfor solid modeling [20, 25]. There-
fore, it is interestingto note that datastructuresthat can
supporta wider rangeof non-manifoldsurfaceshave been
investigated.Examplesof suchwork areWeiler's radial-

edgestructure[31], Karasick'sstar-edgestructure[24], and
Vanecek'sedge-baseddatastructure[29].

We proposeto returnback to the basicconceptof co-
ordinatefree operationsover 2-manifold surfacesby ig-
noring set-operations. Similar to our approach,instead
of set operations,the usageof Morse operatorsthat de-
scribethechangesof cross-sectionalcontoursatcriticalsec-
tions(peaks,passesandpits)hasrecentlybeeninvestigated
[28, 15]. We usetopologicalgraphoperationswhich are
similar to Euler's operationsand basedon graphembed-
dings.Thebiggestadvantageof our operationsis that they
areextremelysimpleandalwaysguaranteetopologicalcon-
sistency. Only two operations,InsertedgeandDeleteedge,
areenoughto changethetopology, andtheseoperationsare
very ef�cient whenimplementedproperly. The ef�ciency
of theseoperationsis dueto our recentlydevelopedstruc-
tureDoublyLinkedFaceList (DLFL) [1, 8].

The DLFL structureis basedon the classicaltheoryof
graph rotation systems[11]. Extensive researchhasbeen
done in the study of graph rotation systems. The most
remarkableresult is that graph rotation systemsprovide
necessaryandsuf�cient conditionsin representingvalid 2-
manifolds.Our DLFL structureis anef�cient implementa-
tion of graphrotationsystems.Therefore,DLFL not only
supportsef�cient computationson2-manifolds,but alsoal-
waysguaranteestopologicalconsistency, i.e. it alwaysgives
avalid 2-manifold.

For completeness,we give in the following precisede-
scription of the theory of graphrotation systemsand the
DLFL structure.

De�nition Let � be a graph. A rotation at a vertex � of
� is a cyclic permutationof the edge-endsincidenton � .
A rotation systemof � is a list of rotations,onefor each
vertex of � .

Given a rotationsystemof a graph � , to eachoriented
edge �������	� in � oneassignstheorientededge ���
����� such
thatvertex � is the immediatesuccessorof vertex � in the
rotationatvertex � . Theresultis apermutationonthesetof
orientededges,that is, on thesetin which eachundirected
edgeappearstwice, oncewith eachpossibledirection. In
eachedge-orbitunderthispermutation,theconsecutiveori-
entededgesline up headto tail, from which it follows that
they form a directedcycle in thegraph. If thereare 
 ori-
entededgesin anorbit, thenan 
 -sidedpolygoncanbe�tted
into it. Fitting a polygonto everysuchedge-orbitresultsin
polygonson both sidesof eachedge,andcollectively the
polygonsform a 2-manifold. It hasbeenproven [11, 16]
that every graphrotationsystemcorrespondsto a valid 2-
manifold, constructedusing the methoddescribedabove,
andevery2-manifoldcanbegivenby a graphrotationsys-
tem. In particular, it meansthat a graphrotation system



alwaysrepresentsavalid 2-manifoldstructure.
Figure1 shows a graphdrawn in a rotationsystem.(the
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Figure 1. A graph drawn in rotation system.

cyclic edge-endorderingof the rotationat eachvertex is
shown in counterclockwiseorderingin the �gure.) Fig-
ure2 showstheembeddingof thegraphG onthetoruscor-
respondingto therotationsystemin Figure1.
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Figure 2. The embed ding of graph G corre­
sponding to the rotation system in Figure 1.

De�nition Let �
� � � be rotation systemof the graph
��� ��� ��� � that representsan embeddingof the graph
� on a 2-manifoldsurface � . Let � be the set of faces
of the embedding. A doubly linked face list (DLFL) for
the embedding� � � � is a triple 	���

� ��� ����� , where
the facelist � consistsof a setof � ��� sequences,eachis
givenby a balancedtreeandcorrespondsto the boundary
walk of a face in the embedding�
� � � . The roots of
the balancedtrees are connectedby a circular doubly
linked list. The vertex array � has � ��� items. Each

��� ��� is a linked list of pointersto the vertex nodesof �

in the balancedtrees in � . The edgearray � has � ���

items.Each��� ��� is doublylinkedto the�rst vertex nodesof
thetwo edgesidesof theedge� in thebalancedtreesin � .

Figure3 givestheillustrationof theDLFL datastructure
for a tetrahedron(only partof thestructureis shown).
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Figure 3. An illustration of a (par tial) DLFL
data structure for a tetrahedr on.

Sincethe DLFL structureis an implementationof the
graphrotationsystems,andgraphrotationsystemsalways
guaranteetopologicalconsistency (i.e.,alwaysgivevalid 2-
manifold structures),the DLFL structureis topologically
robust. Moreover, the two topologychangeoperationson
graphrotationsystems,edgeinsertandedgedelete,have
beenef�ciently andeffectively implementedon theDLFL
structure[1, 2]. Therefore,whena graphicsmeshstructure
is givenontheDLFL structure,wecanconvenientlychange
thetopologyof themeshstructureusingtheoperations.

3. Handle Impr ovementwith Subdivision:
Vertex Insertion vs. Corner Cutting

Considerin moredetail theprocessof insertinganedge
to a graphrotationsystem,representedby theDLFL struc-
ture. Let therebetwo differentfacesof a meshthat is rep-
resentedby theDLFL structure.Basedon therotationsys-
tem,any edgeinsertedby connectingthesetwo facescon-
vertstheminto a singleface. If thesetwo facesbelongto
two disconnected2-manifoldshapes,after the insertedge
operationthesetwo 2-manifoldshapesbecomeconnected
by the new insertededge. If the facesbelongto the same
2-manifold,theedgeinsertoperationincreasesthegenusof
the2-manifoldby one,i.e.,a handleor aholeis added.

In all thesecases,a new facecreatedby theedgeinsert
operationis, in fact,a handleasshown in Figure4. We call
this typeof facea “face-handle”. It is noteasyto visualize
this face-handle– it is a bit strangelooking. We noticethat
subdivision operationscansmooththis polygonandmake
thestructureof thehandlebecomeapparentasshown in the
last�gure in Figure4.
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Figure 4. Handle becomes apparent after sub­
division operations.

Theexistingsubdivisionschemescanbeclassi�edbased
on threecriteria [33, 34]: (1) the type of re�nement rule
(e.g.vertex insertionor cornercutting)(2) thetypeof gen-
eratedmesh(e.g. triangularor quadrilateral)(3) whether
theschemeis approximatingor interpolating.We observed
that,for theimprovementof face-handles,triangularor in-
terpolatingschemesarenotappropriatechoices.Thisobser-
vation limited our choicesto approximatingandquadrilat-
eralschemes.We have earlierimplementedCatmull-Clark
subdivision algorithm[7], which is a vertex insertion,ap-
proximatingandquadrilateralscheme,on theDLFL struc-
ture [2]. Basedon this implementation,we have demon-
stratedhow theDLFL structuresupportsef�ciently andef-
fectively thealternativeperformancesof topologicalchange
operationsand subdivision operations. In particular, we
showed how a handlecanbe addedto a cup basedon the
system(see[2] for details).

Onefeaturethatis notcompletelysatisfactoryis thatthe
constructionof thehandlebasedon a vertex insertionsub-
division operationincludesan extraordinaryvertex with a
high valence.(The “valence”of a vertex is thenumberof
edgesincidenton thevertex.) Thisextraordinaryvertex oc-
cursat themiddleof thehandleasshown in Figure4. The
valenceof the extraordinaryvertex on a handleis at least

�

. Theresultingsurfacedoesnot alwayslook smoothnear
this extraordinaryvertex becauseof the unusualstructure
aroundthisextraordinaryvertex asshown in Figure5.

It is possibleto removethisphenomenonandavoid high
valenceverticessimplyby insertingnew edges.If a second
edgeis insertedto connectany two verticesof the face-
handle,the new edgeseparatesthe face-handleinto two
faceswithout changingthe topologyof the mesh. By in-
sertingnew edges,the quality of handlecanbe improved
further. In our earlierwork, we have improvedthequality
of thehandlesby insertingnew edges.

In the following, we show that the quality of face-
handlescan be further improved by using cornercutting
schemes.Cornercuttingschemesdo not createadditional

Figure 5. Examples of surfaces that do not
look smooth near extraor dinar y ver tices.

extraordinaryvertices. Under a corner cutting scheme,
theface-handleeventuallybecomesa high-valencedplanar
face,whichis apartof ��� smoothhandle.After afew num-
berof iteration,thishigh-valencedfacedoesnot createany
visualdistractionsinceit becomesalmostplanar.

3.1. Corner Cutting Schemes

The re�nement rulesfor a generalcornercutting algo-
rithm areasfollows:

� Step 1 : For each vertex ��� of a face � �

�

�	� ���

�

��
�
�
 � �
� ��
�
�
 � �����

���

of themesh,createa new
vertex ���

�

. Computethepositionof thenew vertex as

�

�

�

�

���

�

�

���

���

���

�

�

� (1)

where
�

���

� arerealcoef�cients describedby thecor-
nercuttingscemeand � is thevalenceof theface.

� Step2 : For eachface,creatanew faceby connecting
all thenew pointsthathavebeengeneratedin thatface;

� Step 3 : For eachvertex, connectall the new points
that have beengeneratedfor that vertex (in all faces
whoseboundarycontainsthevertex);

� Step 4 : For eachedge,connectthe four new points
thathavebeengeneratedfor thetwo endsof theedge.

� Step5 : Removeall old verticesandedges.



Forany subdivisionschemeusingapproximation,theco-
ef�cients

�

���

� in step1 in theabovealgorithmmustsatisfy
thefollowing conditions(weassumethatthevertex indices
aregivenin theorderof a facetraversing):

1.
�

���

����� for all � and � 'sand

2. for all � 's
���

�

�

���

� �

���

�

��� .

Theseconditionsguaranteeconvergenceof the algorithm
andprovide �

� continuityandaf�ne invarianceproperties.

3.2. Doo­SabinAlgorithm

For example,in thewell-known Doo-Sabinsubdivision
scheme,thecoef�cients

�

���

� in equation(1) arecomputed
usingthefollowing formulas:

�

���

�

�

�

�
	�� �

�

if � �
�

�

���

�

�

���������������������! #"%$'&

( )�)

�

�

otherwise

It is easyto verify that in Doo-Sabinscheme,eachcoef-
�cient is alwaysgreaterthanzeroandthe coef�cients add
up to � . By usingFourieranalysis,Doo-Sabinshowedthat
this schemehasthreedistincteigenvalues� ���+*!,	���-*+. . One
eigenvectorhasthe eigenvalue � , two eigenvectorscorre-
spondto eigenvalue �-*!, and the rest of the eigenvectors
correspondto the smallesteigenvalue �+*-. . This structure
of eigenvaluesof Doo-Sabinschemeguaranteesthat the
schemeprovidestangentplanecontinuity[10].

3.3. A NewCorner Cutting Algorithm with Tension

Ournew cornercuttingschemeis inspiredby Doo-Sabin
algorithm. Let vertex indicesin a facebe given by a ro-
tationorder, we usethe following formula to computethe
coef�cients

�

���

� 's to computethepositionof � �

�

.

�

���

�

�

�

if � �/�

�

���

�

� 0

�21

�

3

�4165

otherwise
(2)

where

0 �

3
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,	�=�>1?� �A@
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In theseequations,parameter
�

in equation(2) is provided
by usersandit is usedasa tensionparameter[4]. Thenew
algorithmgivessubdivision rules for generatingquadratic
B-splinetensor-productsurfacesfor � ��. and

�

��C�*D��E .
Note that, in our casethe coef�cients add up to � and if

�GF

�

F

� eachcoef�cient is greaterthanzero.

By using Fourier analysis,similar to Doo-Sabin's ap-
proach,we can show that the new schemealso hasthree
distincteigenvalues

� �

�H,

�

	

� � �41I5

3

�41I5

�

3

�

�J1I5

3

�K165

andif
�

F

� thenregardlessof thevalueof � thesequence
is strickly decreasing.Similar to Doo-Sabinscheme,only
oneeigenvectorcorrespondsto eigenvalue � , two eigenvec-
torscorrespondto thesecondlargesteigenvalueandtherest
of the eigenvectorscorrespondto the smallesteigenvalue.
This resultdemonstratesthatourschemealsoprovidestan-
gentplanecontinuity.

There also exists a lower limit over the value of
�

.
To have positive eigenvalues,for a triangularface. (i.e.,

� �

3

)
�

mustbe larger than �-*

3

(Note that in triangle
case,thethird eigenvaluewill notexist.) For aquadrilateral
face(i.e., � �L. )

�

mustbe larger than 5M*D�N, . Otherwise,
thesmallesteigenvaluecanbecomenegative. It is saferto
choose5M*D�N, as a lower boundfor

�

sincein cornercut-
ting schemeswecannotavoid quadrilaterals(edgesbecome
quadrilateralsaftertheapplicationof cornercuttingscheme
once.)

Figures6 and7 show the�rst four consecutiveiterations
of thenew cornercuttingschemefor a cubecontrolshape.
In theseexamples,we usedthe parameters

�

�4C�*O�NE and

�

�

�


 C As it is shown in theFigures,the larger
�

values,
thelessroundedshapebecomes.This is becausefor larger

�

values,theposition �

�

�

will geometricallybecloserto the
positionof ��� . By usingthis property, theusercancontrol
thedegreeof smoothness.

4. Algorithm Details

It is straightforward to implement vertex insertion
schemes(suchasCatmull-Clark)over the DLFL structure
by only using insert edgeand subdivide edgeoperations
[2] which guaranteetopologicalrobustnessduringthepro-
cess.Unfortunately, the samecannotbe directly donefor
thedevelopmentof algorithmsto implementcornercutting
schemes,sincethenew meshstructureresultingfrom cor-
ner cutting schemeis completelydisjoint from the initial
mesh. More seriously, if the new meshis constructedby
operationsthat is not provided by DLFL structure,topo-
logical inconsistency might be introducedduring the pro-
cess. In following, we presenta cornercutting algorithm
that only usesthe operationsprovidedby DLFL structure.
SinceDLFL structureandtheseoperationsaretopological
robust,ouralgorithmalwaysguaranteestopologicalconsis-
tency.

Let P be meshgiven in the DLFL structuresuchthat
wewill applyacornercuttingalgorithmon P . If P has�

vertices,� edgesand Q faces,thenthenew meshstructure



P � aftercornercuttingalgorithmwill have �

	

�

	

Q faces:
eachfacein P inducesa new faceof the samevalence
in P � (seeStep2 of the generaldescriptionof the corner
cutting scheme);eachedgein P inducesa new faceof
valence. in P � (seeStep4 of the description);andeach
vertex in P inducesa new faceof valence
 in P � , where


 is thevalenceof thevertex (seeStep3 of thedescription).

Figure 6. The �r st four consecutive iterations
with

�

� C�*D��E .

Figure 7. The �r st four consecutive iterations
with

�

�

�


 C .

Four basicoperationsgivenbelow have beendeveloped
andimplementedover theDLFL structures[2]. Theseop-
erationsguaranteethe topologicalconsistency andcanbe
computedin timelogarithmicin thenumberof verticesin a
givenface.

� INSERT �

�

�

�

�

�

��� � insertsthe new edge � to the mesh
structurebetweenthe facecorners�

�

and �

�

(a face
corneris a subsequenceof a faceboundarywalk con-
sisting of two consecutive edgesplus the vertex be-
tweenthem).

� DELETE � � � deletestheedge� from thecurrentmesh.
This is theconverseoperationof edgeinsertion.

� SUBDIV ��� � � � subdivides the edge � � � � � ��� by a
new vertex � of degree , so that the edge � becomes
two new edges� � � � � and ���
��� � .

� DELETE ���	� deletesthevertex � from thecurrentem-
beddingif the valenceof the vertex � is lessthanor
equalto , . This is theconverseoperationof subdivide
edge.

Basedon theseoperations,our cornercuttingalgorithm
over the DLFL structureproceedsas follows for a given
meshP undertheDLFL structure,

� Step1: for eachface � �

�

� � ���

�

��
�
�
 ��� ���

� �

in the
meshP

1.1. for
�

�

� to �41 � do
subdivide edge � �

�
� ���

�

�

�

�

���

�	�

�

�

� by a new
vertex ���

�

;

1.2. computethepositionsof thenew vertices� �

�

, � �

�

,

�
�
 , ���

���

�

usingtheformulas(1), and(2);

1.3. for � �

� to �41�� do
insertthenew edges� �

�

�

� �
�

�

�

�

�

�

���

�	�

�

�

� into the
face;

Remark 1. Traversingthe facesof the mesh P can
be simply doneby calling the operationFACETRAV

providedby the DLFL structure,whoserunningtime
is linearin thevalenceof thefacebeingtraversed.

Remark 2. Eachedge� �
��� � in P is traversedexactly
twice in Step1, oncefrom � to � andoncefrom � to

� . After the�rst traverse,theedge� �
��� � of P is sub-
dividedinto � � � ��� ��� � . In consequence,whentheedge
is traversedin thesecondtime,thenew vertex � � is also
encountered.Therefore,in the above facetraversing,
thenew addedverticesshouldbesimply ignoredwhen
facesin P aretraversed. In particular, after Step1,
eachedge � � � � � in themeshP is subdividedby two
new vertices��� and ��� of valence2 andtheedge� �
��� �

becomesthreeconsecutive edges� �
���
�

� , � �
�

� �
�

� , and
� ��� ��� � (seeFigure8B).

Remark 3. It will behelpful to comparethetopolog-
ical view and geometricview for Step1. Topologi-
cally, eachedge� �
��� � in P is subdividedby two new
vertices ��� and ��� of valence2 (SeeFigure8B). On
the other hand, from geometricpoint of view, since
thelocationsof thenew vertices��� and ��� arerecom-
puted,thesegmentsequence� � � ��� � , � � � ��� � � , � � � ��� � is
no longeron a singlestraightline but becomeszigzag
(seeFigure8C).

Remark 4. In Step 1.3, since the new edges
� � �

�

�����

�

�

�

�

�

���

�	�

�

�

� areall insertedin thegivenface



� , the face cornersfor eachnew insertededgeare
uniquelydetermined.Also notethatafterStep1, each
new vertex becomesof valence3. (seeFigure8D).

� Step 2 : Now for eachold vertex � in the mesh P ,
supposethe neighborsof � , which areall new added
vertices,areorderedby therotationat � as �� � , ��

�

, 
�
�
 ,
��

�

�

�

. Insertnew edges��� ��� ��� ���

�

�

�

�

���

�	�

�

�

� for � �

�

��� ��
�
�
 � 
 1�� (seeFigure8E).

E. New edges around  old vertices F. Final mesh

A. Initial mesh B. Topological view

C. Geometrical view D. New edges in old  faces

Figure 8. Illustration of corner cutting algo­
rithm on DLFL.

Remark 5. TheDLFL structurealsoprovidesa VER-
TEXTRAV operationthatallows to traversetheneigh-
borsof avertex in theorderin therotationatthevertex
in time linear in thevalenceof thevertex. Therefore,
Step2 canbedoneveryef�ciently . Moreover, theface
cornersfor thenew insertededge ��� �

�
��� ���

�

�

�

�

���

�	�

�

�

�

are in the face that also contains the face corner
��� ���

�

�

�

�

���

�	�

�

�

���
��� ��� � , so they canbe found conve-
niently.

� Step3 : Finally, we deleteall edgesof form � �
�

� �
�

� ,
where��� and��� arethenew verticessubdividinganold
edge � �
��� � in themeshP , anddeleteall old vertices
in P and the edgesincident to them(by repeatedly
using the edgedeleteoperationfollowed by a single
vertex deleteoperation).

Remark 6. A carefulexaminationshows thatthenew
meshstructureP � sharesneithercommonvertex nor

commonedgewith the old mesh P . Even the new
edgesresultedfrom subdividing the old edgesof P

areeventuallyalsoremoved.Therefore,for implemen-
tationconvenience,wecansimplycreataseparatenew
Vertex list andnew Edgelist for thenew verticesand
edges,respectively, insteadof modifying theold Ver-
tex list andold Edgelist. Theold Vertex list andEdge
list will beentirelydeletedat theendof thealgorithm.

The resultingstructurefrom the algorithmis the mesh
structureP � obtainedby subdividing themeshP by our
cornercuttingscheme.

5. Implementation and Results

The Algorithm has beenimplementedas a C++ pro-
gramandaddedasa functionto theexistingDLFL system.
We appliedthe new cornercutting algorithm to the con-
trol shapesweusedfor Catmull-Clarksubdivisionto obtain
smoothhandlesandholes[2]. It is interestingto notethat
thecornercuttingalgorithmcreatesbetterlooking handles
andholesthanCatmull-Clarkalgorithm.

Figure 9. Creation of a handle for a cup.

Figure 9 shows addinga handleto a cup. Figure 10
shows how to createa hole in a cube. Figure 13 shows



connectingtwo disconnectedtoroidswith differentnumber
of edges.Figure11 and 12 areexamplesof creatinghan-
dlesfor a small stellateddodecahedron[32]. Note that in
theseexamples,unlike in the Catmull-Clarkcase,handles
andholeslook smoothereven for only oneedgeinsertion.
Insertingadditionaledgesfurther improves the quality of
thehandlesandholes.

Figure 10. Creating a hole in a cube .

6. Discussion,Conclusionand Future Work

In this paper, we continueto studythe relationshipbe-
tweentheDLFL structureandsubdivision algorithms.We
havedevelopeda new cornercuttingalgorithm,which pro-
videsatensionparameterto controltheshapeof subdivided
surface. We have also implementedthe new cornercut-
ting algorithm,overtheDLFL structure.We haveobserved
thatthecornercuttingschemesaremoreappropriatefor the
improvementof face-handlesasthey createbetterhandles
andholesthanCatmull-Clark. It will be interestingto de-
velopvertex insertionschemesthatcaneffectively smooth
our face-handles.This paper, along with [2], shows that

the DLFL structureis subdivision friendly. Sincesubdi-
vision operationsareessentialfor the improvementof the
qualityof meshes,performingthetopologicalchangeoper-
ationsandthesubdivisionoperationsalternatively provides
apowerful shapemodelingapproachthatsupportsahierar-
chy of topologychangesandquality improvementsat dif-
ferentlevelsof details.

We areplanningto enhancefurther our DLFL system.
Onedirectionis to helpusersto constructshapeswith high
geometricalquality (No self-intersectionand at least � �

continuityeverywhere).We observe that this is closelyre-
lated to the visibility of the correspondingfacesand the
underlyingsubdivision schemes.Basedon the techniques
from computationgeometry, wewill developef�cient algo-
rithmsto identify thecasesthatcanresultin poorquality in
shapegeometry.

Anotherenhancementwill be the developmentof a 2D
interfacefor painting2-manifoldmeshes.Initial sketchof
thisideais describedin oneof ourrecentpapers[1]. For this
purposeweneedto studythestructureof thecorresponding
2D representationsfor any given2-manifoldmesh.Wewill
alsodevelopef�cient andintuitivemanipulationsof the2D
representations.
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Figure 11. Creation of various handles for
small stellated dodecahedr on.

Figure 12. Handle impr ovement for small stel­
lated dodecahedr on.

Figure 13. Connecting two toroids.


